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Disclaimer

e This lecture borrows contents heavily from
» Machine Learning for Inverse Graphics by Vincent Sitzmann at MIT
> Computer Vision by Andreas Geiger at University Tubingen

» Intro to Computer Vision and Computational Photography by Alyosha
Efros at UC Berkeley



Machine%20Learning%20for%20Inverse%20Graphics
https://www.scenerepresentations.org/courses/2023/fall/inverse-graphics/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/computer-vision/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/computer-vision/
Intro%20to%20Computer%20Vision%20and%20Computational%20Photography
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Multi-view Geometry: How Do We Reconstruct the
3D World from 2D Images?
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Content

* Image Formation
»Pinhole camera model
> 2D transformation
> 3D transformation

» Geometry Reconstruction

»Reconstruction with depths

»>Multi-view geometry reconstruction with camera motions and
correspondence

»Epipolar geometry reconstruction



Content

* Image Formation
»Pinhole camera model



2D Image Formation from the 3D World: A simplitied
model of photometric image formation

light {I}

Source




Perspective Projection
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Gemma Frisius, 1558
Animal eye: a long Pinhole Perspective Projection:
time ago Brunelleschi, 15th Century

p 3
; Photographic camera:
Niepce, 1816



Other Types of Camera Projection

Ellipsoidal projection Parallel projection




Perspective Projection

(Aperture)

« (Capital case X, Y, Z denote 3D coordinates
« Lower case x, y denotes 2D Image coordinates

« How to derive the relation between <x, y>and <X, Y, /> 7/
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Perspective Projection

(Aperture)

« (Capital case X, Y, Z denote 3D coordinates
« Lower case x, y denotes 2D Image coordinates
« fdenotes the camera focal length
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Perspective Projection

Y
. T / ;
- T A |
.’ S :
,,,,,,,,, Origin
LT (Aperture) _ .
L P » From the two similar triangles, we have:
y Y Y
f Z 7
« Likewise
x X fX
f Z 7
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We Can Transfer Between 2D Pixel Coordinates and 3D
Coordinates, if f and Z are Known

fY fX
V==, X =T —
<X, y> Z Z <X, Y, />

Depth map

Y =72, X=2-
f f

13



Information Loss by Perspective Projection

w4

—

CQ{)!OPtica””usions.com

Slide credit A. Efros
Image source: Fooling the eye Making of 3D sidewalk art:
http://www.youtube.com/watch?v=3SNYtd0AytO 14



Information Loss by Perspective Projection

Slide credit A. Efros
Image source: Fooling the eye Making of 3D sidewalk art:
http://mww.youtube.com/watch?v=3SNYtd0Ayt0 15



Angles Are Not Preserved by Perspective Projection

~ Infinite-length parallel lines intersect at the
‘vanishing point” on an image
4 TN = | == )

LA
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Fach Family of Parallel Lines has its Own Vanishing Point

Vanishing Vanishing
Point Point
L e G S

Horizon Horizon

Slide credit J. Malik 17



Proof

* Line in 3D space: » Perspective projection:
X(t) =X, + at Y(t) Y, + bt
B y(t) = fo-=< =
Y(t) =Y, + bt Z(t) Zy+ct
Z(t) =72 t X(t Xo + at
( ) 0 + c X(t) _ ( ) _ f 0
Z(t) Zy+ct

« Projective lines when t — oo:

Yo +bt b
11m y(t) = 11m f —
— 00 ZO C o . |
1 o X, + at a This is a point!
1mx()— 1mfZO+ct fc

18



Fach Family of Parallel Lines has its Own Vanishing Point

Where is the “vanishing point” of these vertical
parallel lines?

Vanishing Vanishing
Point Point
L b

Horizon Horizon

Slide credit J. Malik 19



Proof

* Line in 3D space: » Perspective projection:
Y(t) =Y, + bt y() = fZ(t) =/ Z,
Z(t) = Z, + 0t = Z, LX) Xo
X(t) _ fZ(t) f 0

« Projective lines when t — oo:
’ . Yo+bt b
lim y(t) = lim f Zo Ui

Xy
llm x(t) = hm f—
—00 ZO
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Scales Are Not Preserved by Perspective Projection

21



llusion of Perspective Projection

Slide credit S. Tulsiani 22



How to Convert Perspective Transformation into a
Matrix Form

« Homogeneous image coordinates: (x, y)
« Homogeneous scene coordinates: (X,V,7)

» Perspective projection:

Y
=17 \
X ’[
v=17

1|

Dimension is inconsistent, awkward!

23



Homogeneous Coordinates

« Representing n-dim coordinates with (n+1)-dim

_xl_ _xl_ _le_
X, Xo WX,
X
X3 - |73 - W.x3
’ Xn WX,
n- 11 L w
N/

Represent the same point in the
n-dimensional space

« We can think of this as a line through the origin in (n+1)-
dimensional space

24



Homogeneous Coordinates

1A
2D
® X
>
X
X
Xx=(%Y) "» = |y
1
heterogeneous homogeneous

coordinates coordinates
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Homogeneous Coordinates

A “Y

2D 3D

. e

Z

>
X

X

X
1

1

heterogeneous homogeneous
coordinates coordinates

26



Homogeneous Coordinates

-
y
1.

Homogeneous image coordinates: (x,y) =

Homogeneous scene coordinates: (X,Y,7Z) =

:r—\ N~ ><:

We can represent the pin-hole camera model with homogeneous coordinates

X _X_ X
x=f f 0 0L 0 0 o/ | [fX >
% 10 f offo 1 0 of|, =|fr[=]rL
y=1r7 o o 1lo o 1 olf] Z 1

27




Content

* Image Formation
»Pinhole camera model
> 2D transformation
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What is the Matrix Form of Perspective Projection with

S O S
S SN O
=
<L

N
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Decompose the Projection Matrix

30

:r—x N ~< ><1:

Perspective projection from 3D to
2D, assuming image plane at z=1
and shared camera/image origin

¥

10 0 0|y [X] [X/Z

0 1 0 of|,|=|¥|=]|r/z

o o 1 ol Lz 1
B




Decompose the Projection Matrix

f o plix/z1 [FX/Z+p,
0 f py||Y/Z|=|fY/Z +Dp,y
0O 0 1] 1 1

Transformation from 2D to 2D, accounting

o for not unit focal length and origin shift



What is the Matrix Form of Perspective Projection with

f 0 pe|[t 0 0 0 );
0 f p, [o 1 0 o] ’
o o 1Jlo 0o 1 o] |
K Pix g img KD Kems s also called

img cam camera intrinsics matrix



2D-2D Transformation

f 0 pe|[X/z7 |fX/Z+ s

0 f pyl||Y/Z|=|fY/Z+p,y

0 0o 1]l 1 _ 1
K Xold Xnew

yA / 51m11ar1ty projectwe
translation
_r

Euchdean affme
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Fuclidean Transformations

R ul¥] [¥
wrimxafs 3] -[
v 1 1

Bold fonts denote vector

 Translation is a special case when R =1

« R € S0(2) forms a special group
7 SO(2) ={M|MM' =], det(M) = 1}

translation

e 4

__"'
Euclidean
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Similarity Transformations

X X’
1 1
A —
Y / similarity
translation Q

sR t

st+t=x’<:>[0T 1

e 4

__"'
Euclidean
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Affine Transtormations

oA gl ¥
Ax+t=x (:[()T 1]31/=3;

« Ais an arbitrary 2 x 2 matrix

« Parallel lines remain parallel after affine
transformations

A
Y / Slmllarlty
translation
/'?

Euchdean affme

36



Projective Transtormations

bl-F:

« His an arbitrary 3 x 3 matrix, also called homography matrix

Hx=x’<:>[

« Projective transformations preserve straight lines

e 4

v /
translation

Euchdean

Slmllarlty

projective I

affmr—:

37



Application: Image Rectification with Projective
Transformations

Image 1 Image 2

38



How Does Image Rectification Work?

Image 1 Image 2

« We have a set of points x from image 2 and our goal is to u
rectify image 2 so that it looks like image 1

« Transformation matrix H and transformed points are x’ HX = X
unknown

e The equation is not solvable with two unknown variables

!

39



/[dea: Obtain x’ from correspondence

Image 1 Image 2

« We have a set of points x from image 2 and our goal is to u
rectify image 2 so that it looks like image 1

+ We obtain x’ through pixel correspondence Hix = x

40



/[dea: Obtain x’ from correspondence

Image source Diva Sian and scgbt 41



/[dea: Obtain x’ from correspondence

« How to obtain pixel correspondence between two images?
» Use a good feature extractor (e.g. SIFT / DINO.V2 ...) to
encode each pixel into a feature vector
» Find the best matching between two sets of feature vectors

Image source Diva Sian and scgbt 42



Solve H given x and x’

Image 1 Image 2

« We have a set of points x from image 2 and our goal is to u
rectify image 2 so that it looks like image 1

« We obtain x’ through pixel correspondence
« Transformation matrix H
« The problemis to find H such that Hx = x’

Hx = x'

43



The Direct Linear Transformation Algorithm

 Let's start with one point correspondence: Hx; =

« Note that x; and x;" are homogeneous coordinates, thus Hx; and
are in the same direction, might differ in magnitude

h; h;
h; [ ]= > %x; XHx; =0= X [hyx;| =0
1 L wil  LhYx,
h; _ h; 7 0] _ T T - h1

= |w/hix; — x'h3x;| = 0> ! 00 —xx!||hy]=0
hbx; — v hx; | |—y/X] ! 0" |\h3

3 X 9 matrix 9 X 1 vector

44



The Direct Linear Transformation Algorithm

 Let's start with one point correspondence: Hx; =

« Note that x; and x;" are homogeneous coordinates, thus Hx; and
are in the same direction, might differ in magnitude

h; h;
h; [ ]= > %x; XHx; =0= X [hyx;| =0
1 L wil  LhYx,
h; _ h; 7 0] _ T T - h1

= |w/hix; — x'h3x;| = 0> ! 00 —xx!||hy]=0
hbx; — v hx; | — ! oL—| \h3

3 X9 matrixwith2x9 9 x 1 vector
degree of freedom

45



The Direct Linear Transtormation Algorithm:
Solution with SVD

Objective

Find the general solution to a set of equations Ax = b where A is an m X n matrix of rank
r <n.

Algorithm

(i) Find the SVD A = UDV', where the diagonal entries d; of D are in descending numerical
order.
(ii)) Setb’ =U'b.
(iii) Find the vector y defined by y; = b /d; fori = 1,...,r,and y; = 0 otherwise.
(iv) The solution x of minimum norm ||x|| is Vy.
(v) The general solutionis x = Vy + A\, 1V,yu1 + ... + A, v, where v, q, ..., Vv, are
the last n — r columns of V.

We only need the eigen vector of

the least eigen value for Ax = b

=50




The Direct Linear Transformation Algorithm

Objective

Given n > 4 2D to 2D point correspondences {x; <« x.}, determine the 2D homography
matrix H such that x; = Hx;.

Algorithm

(i) For each correspondence x; «» x; compute the matrix A; from (4.1). Only the first two
rows need be used in general.

(i) Assemble the n 2 X 9 matrices A; into a single 2n x 9 matrix A.

(iii) Obtain the SVD of A (section A4.4(p585)). The unit singular vector corresponding to
the smallest singular value is the solution h. Specifically, if A = UDV' with D diagonal
with positive diagonal entries, arranged in descending order down the diagonal, then h
is the last column of V.

(iv) The matrix H is determined from h as in (4.2).

47



Image Rectification: Virtual Camera Rotation
with 2D Transformation

image plane in front

Slide credit A. Efros

black area
where no pixel
maps to

48

St. Lucy Altarpiece, D. Veneziano
Slide from Criminisi

Automatically rectified floor

From Martin Kemp, The Science of Art
(manual reconstruction)



Stitching Images with Image Rectitication
Naive Stitching

Slide credit A. Efros 49



Stitching Images with Image Rectitication

Panoramas

1. Pick one image (red)
2. Warp the other images towards it (usually, one by one)
3. blend

Slide credit A. Efros 50



Image Panoramas

virtual wide-angle camera

Slide credit A. Efros o1



Content

* Image Formation
»Pinhole camera model
> 2D transformation
> 3D transformation
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Let's Get Back to Perspective Projection.//
Which Coordinate Frame did We Use?
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/Origin
(Aperture)

-

This is the coordinate frame centered
at the camera (the camera frame)  §

« (Capital case X, Y, Z denote 3D coordinates
« Lower case x, y denotes 2D Image coordinates

« How to derive the relation between <x, y>and <X, Y, /> ?

53



What if You Have More Than 1 Camera? How to Merge
3D Points from Other Cameras?




How to Transtform a 3D Point from 1 Coordinate
Frame to Another?

(0,0,1)
L (d,e f)
(g, h1) (0.1,0)
(1,0,0)
(a,b,c)
a d g X5 X1 a X5 X1 a
R=\|b e hﬁyz =R Y1 T=[b]$ Y2=Y1 +[b]
_C f l Zz Zl C ZZ Zl C
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How to Transtorm a 3D Point from 1 Coordinate
Frame to Another?

Z;

Zy

56



Coordinate Transformation with Homogeneous
Coordinates

« We can express 3D coordinate transformation in a matrix form
using homogeneous coordinates

X camz_ X camq
camy camy
Ycamz — R camq Tcam1] Ycam1
A cams, P 1} Z camq
LW - Y L1

e M is called extrinsic matrix

 |nfact, M forms a special group SE(3)

57



Let’s Put Everything Together

58



Content

* Image Formation
»Pinhole camera model
> 2D transformation
> 3D transformation

» Geometry Reconstruction
»Reconstruction with depths
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2D-to-3D reconstruction 3D Model Reconstruction
from 2D Images

Image source https://3dvision.princeton.edu/courses/SFMedu/
Image credit S. Tulsiani



https://3dvision.princeton.edu/courses/SFMedu/

Content

* Image Formation
»Pinhole camera model
> 2D transformation
> 3D transformation

» Geometry Reconstruction

»Reconstruction with depths

»>Multi-view geometry reconstruction with camera motions and
correspondence

61



to Reconstruct 3D Models from a 2D Image with

oth Map. What if We Don't have the Depth Map?

Depth map

2D to 3D is inherently ambiguous:
x = PX = PHH X = PX

62



Resolve Ambiguous 3D Model Reconstruction
with Multiview 2D Images

Stereoscope

Brewster-type stereoscope, 1870 é‘s More details

B Alsssandro Nassir - Museo dela Scienza e della Techologia *Leonardo da Vin”™

@ CCBY-SA40
Visore stereascopico portatile i tipo Brewster, J. Fleury - Hermagss, 1870, con messa a fuoco manuale, S Fie: IGB 006055 Visore stereoscopico potatile
Per la visione di lastre e stampe stereoscopiche 8,5x17cm. Museo nazionale dela scienza e della Musoo scienza o locnologia Miiano.jog
toc ia Loor da Vind, Milano. © Croated: 1 July 2014

View of Boston, c. 1860; an early stereoscopic card for viewing a scene from nature é} More details

B Soule, John P., 1827-1904 -- Photographer - This image is available from the New York Public Library's Digital © Public Domain
Library under the digital ID GOOF336_113F: org — di jons.nypl.org B0 Fhe: Chiates Sirset Mak, Baston Comman, by

ity bt Image source https://3dvision.princeton.edu/courses/SFMedu/
© Created: Coverage: 18607-18907. Source . . .
imgein: 1860713507, Digtal fom publahod |mage Cred|t S. TU|SIaﬁI

Image credit A. Efors
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https://3dvision.princeton.edu/courses/SFMedu/

Resolve Ambiguous 3D Model Reconstruction
with Multiview 2D Images

Figure 1.1: (a) Stereo anaglyph of the ocean liner, the Titanic [McManus2022|. The red
image shows the right eye’s view, and cyan the left eye’s view. When viewed through stereo
red/cyan stereo glasses, as in (b), the cyan contrast appears in the left eye image and the
red variations appear to the right eye, creating a the perception of 3d.

64



« Two cameras facing in the same

Geometry for a Simple Stereo System

direction, which are T apart

— -- -

Origin 1 T Origin 2




Geometry for a Simple Stereo System

« Two cameras facing in the same
direction, which are X; + X, apart

« TwO cameras has the same focal
length

N

1 fi
—% -

Origin 1 T Origin 2

A



Geometry for a Simple Stereo System

« Two cameras facing in the same
direction, which are X; + X, apart

« Two cameras has the same focal
length

« The 3D point is projected at
and x, pixel location in each
camera

1 fi
—% -

Origin 1 T Origin 2

N

A




Geometry for a Simple Stereo System

 Two cameras facing in the same 82
direction, which are X; + X, apart o

« Two cameras has the same focal
length

« The 3D point is projected at
and x, pixel location in each
camera

A

Origin 1 T Origin 2



Geometry for a Simple Stereo System

 Two cameras facing in the same 82
direction, which are X; + X, apart s

« Two cameras has the same focal
length

« The 3D point is projected at
and x, pixel location in each
camera

f 1 Ttz = i
—% > remember x, is negative

Origin 1 Origin 2

A



Geometry for a Simple Stereo System

« Similar triangles:
T+X2_X1_T:Z_
Z—f Z B fxl — X,

* Xx; — X, represents the distance
of pixel location of the same
point in two views, aka disparity

f -

Origin 1 T Origin 2



What it the Two Cameras Are Not Parallel?

. Stereo image rectification
Rectification example

e P T T — L e—

e Reproject image planes onto a common

« We H_ta|k about how to . plane parallel to the line between optical centers
obtain the ho Mogra phy * Pixel motion is horizontal after this transformation
projectio N that makes 2 * Two homographies (3x3 transform), one for each input

image reprojection
cameras parallel next

*C. Loop and Z. Zhang. Computing Rectifying Homographies for Stereo Vision.
IEEE Conf. Computer Vision and Pattern Recognition, 1999.



Disparity Map: the distance of pixel location of
the same point in two views

Left image Right image

Slide credit A. Efros 72



Disparity Map: the distance of pixel location of
the same point in two views

'(x.y) = (x+D(x.y), y) D(x,y)

£

. Disfance derived from
the disparity map

Z(x,y) =

D(x,y)

Slide credit A. Efros 73



Disparity Map: the distance of pixel location of
the same point in two views

'(x.y) = (x+D(x.y), y) D(x,y)

£

 Distance derived from
« Disparity map is derived from pixel correspondence the disparity map

« How to derive pixel correspondence? Z(x,y) =

D(x,y)

Slide credit A. Efros 74



Depth from Triangulation

Camera 1 Camera 2 Camera Projector
Passive Stereopsis Active Stereopsis

Active sensing simplifies the problem of estimating point

correspondences
75



Range Sensors

_ N
e— <
o lead © o’ 2 ii
Ly > L g
{ =N
{, ~ - “’_M"
Projector

primesense sensor (used in Kinect)

"
i :
wr -
.
-
J
J‘
»>7

5 SO e

e . -y

Google Cars Drive Themselves, in Traffic

— John Markoff, The New York Times

) P’

Velodyne LIDAR Sensor

http://www.primesense.com/, http://www.ifixit.com/,
http://mirror.umd.edu/roswiki/kinect_calibration(2f)technical.html|
http://velodynelidar.com/lidar/lidar.aspx 76



| et’'s Take a Short Break

3D Points
(Structure)
gl

f 4 °
i o[
Origin 1 Origin 2
s
T Camera
Z — f [ Correspondences ] (Motion)
x1 - xz \.

Image credit A. Efros

* x; — X, represents the disparity, which
requires pixel correspondence

« T represents the relative camera pose
77



Content

* Image Formation
»Pinhole camera model
> 2D transformation
> 3D transformation

» Geometry Reconstruction

»Reconstruction with depths

»>Multi-view geometry reconstruction with camera motions and
correspondence

»Epipolar geometry reconstruction
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How Can | Find the Corresponding Pixel in
Another View?

« We assume the camera extrinsics are known
e |dea:

1. Extract features: SIFT / Deep Neural Networks
2. Do Nearest Neighbor Search on all pixels in another view

79



Failures of Correspondence Search

s there any geometrical structure embedded in multiple
views, that could facilitate correspondence search?

80



it Camera Poses are Known, the Search Space
of Pixel Correspondence is Constraint

We don't need to search over the whole image, but the
patches along the line.

81



Epipolar geometry

||||||||||



Epipolar geometry




Epipolar geometry

oé—-——d B T A L A L T LA el !h“——;o!

Image plane

7 € Baseline €

.

™ Epipole

(projection of o' on the image plane)
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Epipolar geometry

Epipolar plane

Image plane

N, "-—'e T D T P A !_-—-—-—-—-’O‘f

Baseline &

™ Epipole

(projection of o' on the image plane)

85



Epipolar geometry

Epipolar line -
(intersection of Epipolar ) p

plane and image plane)

/

v
[ E/ I
7o) 4————;—— S 7 AR A A £ .—-"4———-’0!

p € Baseline €

AN

Image plane " Epipole
(projection of o' on the image plane)

Epipolar plane

86



Epipolar constraint

— . \\ eﬂ/‘“ﬁ%g,

\ \}

\
Potential matches for @ lie on the epipolar line l“{

O



f Camera Poses are Known, the Search

‘responded Pixels Along the Epipolar Line

We don't need to search over the whole image, but the
patches along the ine.

88



Example: converging cameras

o

As position of 3d point
varies, epipolar lines
“rotate” about the
baseline

Figure from Hartley & Zisserman 89



Example: Converging Camera

O /

Q Baseline €
Image plane

Epipole

(projection of o' on the image plane)

Slide credit K. Kitani and |. Gkioulekas 90



Example: converging cameras
P

.

As position of 3d point
varies, epipolar lines
“rotate” about the

baseline

91

Here is the Epipole!



Example: motion parallel with image plane

/ /

e at / __/“ e at
—— | ———— ' ’,«f |
infinity /!‘ guE— . . . . . j"'_,’/_ — infinity

‘“ e

Epipolar lines are horizontally parallel

Figure from Hartley & Zisserman 92



Stereo Image Rectification

Slide credit J. Malik



Can We Represent the Epipolar Constraints
Mathematically?

Given a pixel x in one view, describe the epipolar line " in another view
« |f the camera poses are known, I' = Ex , where E is the essential matrix
 |f the camera poses are unknown, ' = Fx , where F is the fundamental matrix

Potential matches for @ lie on the epipolar line l



How to Represent a Line?

a
ar + by + Cc = O in vector form |l = b

C

If the point & is on the epipolar line [ then

' l=0

Slide credit K. Kitani 95



Deriving the Essential Matrix:
Stereo geometry, with calibrated cameras

X world point

Camera-centered coordinate systems are related by known rotation R

and translation T:
X'=RX+T

96



Deriving the Essential Matrix:

Review: Cross product

QJ
X
S |
[
Y
L I+ |
o O
1
o O

Vector cross product takes two vectors and
returns a third vector that’s perpendicular to

both inputs.

So here, cis perpendicular to both a and b,
which means the dot product = 0.

97



Deriving the Essential Matrix:
From geometry to algebra

X world point

X'=RX+T X'-(TxX')=X'-(TxRX)
TxX' = =0

Normal to'the plane

=TxRX

98



Representing Cross Product in a Matrix Form

aq by

a=|a;| and b = | b,

as b3
a,b; —asb,| | 0 —a; a, ||by]
axXb=|azb; —a;bs| =| as 0 —aq||by
ai1b; —azby —dz & 0,f[bs]

lal: skew matrix

99



Essential matrix

X world point
/"\\

This holds for the rays p and p’ that are

parallel to the camera-centered position p'T Ep = ()
vectors X and X', so we have:

E is called the essential matrix, which relates corresponding
image points [Longuet-Higgins 1981]

10
0



Essential matrix and epipolar lines

T Epipolar constraint: if we observe point p in one
p"r Ep =) image, then its position p’ in second image must
satisfy this equation.

p is the coordinate vector representing the
epipolar line associated with point p

ET ¢ is the coordinate vector representing the
epipolar line associated with point p’

10



Uncalibrated cameras

X world peint

* For an uncalibrated stereo rig, can we we express the
epipolar constraints algebraically via the Essential Matrix?

* No, we do not know T orR
* However we can use the Fundamental Matrix

— Estimate epipolar geometry from a (redundant) set of
point correspondences between two uncalibrated
cameras



Uncalibrated case

For a given 5 —M  Camera
camera: p T jn'tp coordinates

So, for two cameras (left and right):

S
Camera coordin p (left) —— Mleﬁ,intp(feﬁ)a

\ Image pixel
__— coordinates
P ¢igno Mrzght mtp(rzght)
J

Internal calibration
matrices, one per camera

10
3



P =M P Uncalibrated case:
P =ML o P Fundamental matrix

From before, the
essential matrix E.

C T
P ight) Ep(zeﬁ) =0

(M ;:l,’ht mtpﬂght )TE(ML‘;rlr lmﬁkﬁ ) 0

_T _
prighr (M right, 1ntEMleﬁ int )Eleﬁ =0

. /
e

—T
prighL left O
|

Fundamental matrix
4




Fundamental matrix

Relates pixel coordinates in the two views

More general form than essential matrix: we remove need to
know intrinsic parameters

If we estimate fundamental matrix from correspondences in
pixel coordinates, can reconstruct epipolar geometry without
Intrinsic or extrinsic parameters



T Intrinsics are Unknown, How to Get Fundamental
Matrix? Correspondence!

Each point

correspondence Fo . =0
generates one p”ghf pfeﬁ

constrainton F

o fiz fis | u
w1 for for fos||v| =0
f31 f32 faz ]| 1]

« (u',v") and (u,v) are pixel coordinates of a pair of corresponding pixel

from two views
« F has 9 variables but we can impose a constraint on the scale of F,

ending up with 8 degree of freedom.
« The Eight-point algorithm: we can solve the system with at least 8 pairs of

corresponding pixels.



T Intrinsics are Unknown, How to Get Fundamental
Matrix? Correspondence!

Each point

correspondence Fo -0
generates one p”‘lghf pleﬁ
constrainton F

i fi2 fis ] ul
w1 for for fos || v | =0

| f31 f32 faz 1] [y
fro
fis

Collect n of these Hﬁ“l Wy U, v vivy V) wp vy ]] o
constraints | — 0

o
fu
o

Solve for f, vector of parameters. '

10
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Why Do We Need to Known Multi-view Geometry?

Building Rome in a Day. Agarwal et al.



Learn More About Multiview Geometry

Multiple View
Geometry

In computer vision

Richard Hartley and Andrew Zisserman

109



Learn More About Multiview Geometry

« Amore advanced lecture in geometry-based vision
» Geometry-based Methods in Vision by Shubham Tulsiani at CMU

110


Geometry-based%20Methods%20in%20Vision
Geometry-based%20Methods%20in%20Vision
Geometry-based%20Methods%20in%20Vision

sSummary

3D-to-2D perspective projection

X world point

X,
xplx 0 Dy 1 0 0 O c c it
ym]_ S RS T o

! 1

2D-to-3D reconstruction




What We Will Cover Next Week

e Structure from motion and 3D foundation models
» 3D Scene Representations
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