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Disclaimer

e This lecture borrows contents heavily from
» Learning for 3D Vision by Shubam Tulsiani at CMU

» Neural Representations and Generative Models for 3D Geometry by L.
Guibas at Stanforad

» Computer Vision by Noah Snavely at Cornell

» Intro to Computer Vision and Computational Photography by Alyosha
Efros at UC Berkeley



https://learning3d.github.io/schedule.html
https://graphics.stanford.edu/courses/cs348n-22-winter/
https://www.cs.cornell.edu/courses/cs5670/2024sp/lectures/lectures.html
Intro%20to%20Computer%20Vision%20and%20Computational%20Photography
https://cal-cs180.github.io/fa24/

3D-to-2D perspective projection
X world point

xplx 0 p, 1 0 0 O
yplx = () f py 0 1 0 O
0 01 0

2D-to-3D reconstruction




To Reconstruct 3D Models, We Need to Know
Correspondence and Camera Poses

3D Points
(Structure)

Correspondences

Camera
(Motion)



How to Model the 3D World from Photo Collections?

Building Rome in a Day. Agarwal et al. 5



Estimate Camera Pose, Correspondence and 3D
Models from Image Collection

From photo collections, we want to obtain:
« Camera pose: Where were the photo taken?

« 3D shape
« Pixel correspondence




How to Represent the 3D Models




Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map
»Point Cloud
»Mesh
»Parametric Surface
»Signed Distance Function
»>\Voxels
»Others

» Conversion across Representations

8



Content

» Geometry Reconstruction
» Structure from Motion



Structure from Motion

From photo collections, we want to obtain:
« Camera pose: Where were the photo taken?

« 3D shape
« Pixel correspondence




Solve Simpler Problems First

Problem: 3D reconstruction without correspondence and camera motions

Correspondence

Initial 3D

search

Find the pair of overlapping
|dentify pixel correspondence

A4

estimation

Estimate the camera pose
Reconstruct the 3D mode|
with triangulation

11

7 (Bundle adjustment)

Optimization

Refine the estimation of
camera pose

Refine the reconstruction of
the 3D model



Solve Simpler Problems First

Problem: 3D reconstruction from a collection of images

Correspondence Carefully select Initial 3D
search two Views estimation
Add an
additional view
Solutions:

Initialize from the easiest/most-confident image pair

Optimization

] (Bundle adjustment)

AN

Incrementally add hard/less-confident images

12




Correspondence Search: Feature Detection

Detect features using SIFT [Lowe, IJCV 2004]

13



Correspondence Search: Feature Detection

Match features between each pair of images

Connect a pair of image if
they are overlapped
(contain a certain number
of corresponded pixels)




Correspondence Search: Geometric Verification

Estimate fundamental matrix between each pair and re-evaluate the pixel correspondence

15
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Initial Pixel Correspondence May be too Noisy...
Remove QOutliers with RANSAC

Algorithm 1 RANSAC

1: Select randomly the minimum number of points required to determine the model
parameters.

2: Solve for the parameters of the model.

3: Determine how many points from the set of all points fit with a predefined toler-
ance €.

4: If the fraction of the number of inliers over the total number points in the set
exceeds a predefined threshold 7, re-estimate the model parameters using all the
identified inliers and terminate.

5. Otherwise, repeat steps 1 through 4 (maximum of N times).

16



Initial Pixel Correspondence May
Remove Outliers with RA

n=0;
for 1 = 1:M do
// Choose 8 correspondences, #; and 72 randomly
F = EstimateFundmentalMatrix(z,, Z3);
S = 0;
for ) = 1:N do

if | I%}-F.”L‘lj |< e then

| §=SU{j}

end
end
if n <| S| then

n=|§I|;

Sz’n — S
end
end

http://cmsc426.github.io/sfm/ 17

0e too Nolisy...

NSAC




Correspondence Search: Geometric Verification

Estimate fundamental matrix between each pair and re-evaluate
the pixel correspondence

Geometric
Verification

18



Image Connectivity Graph

AR
AP

tcsi

19



Solve Simpler Problems First

Initial 3D
estimation

Estimate the camera pose
Reconstruct the 3D mode|
with triangulation

20



Initial 3D Estimation: Pose Estimation with
Perspective-n-Point (PnP) Solver

Perspective-3-Point (P3P) Problem): X1 PnP solver derives the camera pose from n-point
. correspondence,
« The solution derived by SVD is sub-optimal
« The solution derived by Fundamental matrix
estimation has ambiguity in “scale”

For more details, check:
«  “Multiple view geometry in computer vision” by
----9X3 Richard Hartley and Andrew Zisserman
T « Lecture by C. Stachniss (https://www.ipb.uni-
=7 bonn.de/html/teaching/photo12-2021/2021-pho1-
” 23-p3p.pptx.pdf)
xzl,” « Blog post by Jingnan Shi
(https://jingnanshi.com/blog/pnp_minimal.html)

7’ . ,B —.2’,’/7
i Napa™ s  Lecture by S. Lavalle
Rl ==y (https://www.youtube.com/watch?v=0]GC5nZYCVE)

2 (height) |
\

21


https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
https://jingnanshi.com/blog/pnp_minimal.html
https://www.youtube.com/watch?v=0JGC5hZYCVE

Solve Hard Problems Last

Optimization
(Bundle adjustment)

Refine the estimation of
camera pose

Refine the reconstruction of
the 3D model

22



Bundle Adjustment: Joint Estimation of 3D
Model and Camera Pose

e Minimize sum of squared reprojection errors:

dORT = wy - [PocuR, )—lfﬁijll\

=1 j=1——

predzcted observed
image location image location
(ndicator variable:
is point i visible in image j ?

* Minimizing this function is called bundle adjustment

— Optimized using non-linear least squares, e.g.
Levenberg-Marquardt algorithm

23



What Could be Wrong?

Correspondence

search

Problems:

e Difficult to initialize cameras all at once

A4

Initial 3D
estimation

Optimization

” (Bundle adjustment)

« Bad initialization will lead to very-wrong results

24




/dea: Initialize from the easiest/most-confident image pair

More precise pose estimation and
3D reconstruction

25



1. Picking the initial pair

 We want a pair with many matches, but which
has as large a baseline as possible

v large baseline
2x very few matches

¥ lots of matches
2x small baseline

¥ large baseline

¥ lots of matches
Slide credit A. Efros 26



Incremental Structure from Motion

Correspondence Carefully select Initial 3D
search two Views estimation
Add an
additional view
Solutions:

Initialize from the easiest/most-confident image pair
Incrementally add hard/less-confident images

Optimization

] (Bundle adjustment)

27




Incremental Structure from Motion

Video credit N. Snavely



Incremental Structure from Motion

29



Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

30



Do We Have Better Solution? Yes!

DUSt3R: Geometric 3D Vision Made Easy

CVPR 2024

Shuzhe Wang Vincent Leroy Yohann Cabon Boris Chidlovskii Jérome Revaud
Aalto University Naverlabs Europe Naverlabs Europe Naverlabs Europe  Naverlabs Europe

A! NAVERLABS

Aalto University Eu r0pe

31



Camera Pose, Correspondence, and 3D Shape are Unknown

4 )
Solution: Learn to map each 3D Points
pixel to a 3D location among (Structure)
two views. \ J
Correspondence emerges from *
the 3D location of every pixel! a .
7 .‘|

Camera motion can be derived ' ' !‘ P ]
accordingly! T~ L

r N r )

C
Correspondences 7 (I\/Iagziirr?) ?
. J . J

32




DUSt3R: Dense and Unconstrained Stereo 3D Reconstruction

'é

Image I; € RW*HX3

v -

Image I, € RW*HX3

Pointmap —

Xl,l E RWXHXB LT T
Common coordinate frame  <asi=iie.

ofcamera 1 (mage ) R

Cameral
(at origin

" i.”?“'&;" --'-. «
e S R
—> Ry e
Pointmap / ‘ -._‘_.l~. YN '...:::'_'.: . _...-.-.-'-.--l.- .
a Xz.l E ]RWXHXS Cameraz .:‘ f.: .-.'..-_ e n "

(unknown position)

\ >1JO/\/\19U|E?JH9N/

33



Predict 3D Pointmap at the Coordinate Frame of View 1

View 1 View 2 3D model View 1 View 2 3D model

34



—

vﬁ

Cameral

CNUNEN  ENSEEE

WXHX3 L A annnt
Imagel; ER XX Shared Information (at origin S .:‘ _ *3:‘ ; e
weights sharing \/ e Rt b .:::.___. . _...._.:::::--
Pointmap /ﬂ N ‘___.:':-.-_:_:._- RN
2,1 WxHx%3 y .‘_:_“ ..-' ..-_-'_.._ e
ViT ; Transformer Head, X" €eR Can;eraz - i
). encoder 5 Decoder, Confidence (unknown position)
~ Patchify F

CZ € ]RWXH

€ RWXHX:‘}

B

Image I,

|[dea: Learn a neural network that predicts 3D pointmaps of two camera views

Pixel correspondence emerges from the proximity of their 3D locations
« Camera motions can be derived accordingly
Requirement:

> Alots of 3D datasets with 3D pointmaps for image pairs
» A strong visual encoder pre-trained with cross-view completion

35

Pointmap
. Xl,l € RWXHXB T u.
viT —_ Transformer Head, Common coordinate frame i, - i,
encoder 1 Decoder, Confidence of camera 1 (image I;) _-:'-,'-_'-"-'-'."-'-2"-'-":&,:%? o,
F 1 WxH o, -,51.'\."_'-,-.- .,
C"eER e "'." . e



A Model that Solves Structure from Motion

Unconstrained
image collections

—_—

DUSt3R

Camera calibration

Monocular
Depth estimation <
Multi-View

— Pixel correspondences

Pairwise (relative)
Camera pose estimation
Multi-View

_ _ Dense 3D reconstruction
Corresponding pointmaps

Visual Localization
(dense 2D < 3D mappings)

36



— DUSt3R —
Unconstrained Corresponding pointmaps
image collections (dense 2D « 3D mappings)

1. Point Matching

Achieved by mutual nearest neighbor (MNN)
search in the 3D pointmap space.

M s ={(i,5) | i = NNy*(j) and j = NNT"' (i)}

with NN;"™ (i) = argmin
j€{0,...WH}

Xk XZ””“H .

37

Camera calibration

Monocular
Depth estimation <
Multi-View

Pixel correspondences

Pairwise (relative)
Camera pose estimation

Multi-View
Dense 3D reconstruction

Visual Localization

2. Recovering intrinsics

The pointmap is expressed in the first image
coordinate frame (Extrinsic as identical matrix), and
we assume that the principal point is approximately
centered. We only need to estimate the focal lengths
by minimize:

( 1,1 1,1 )
—! i,5,00 “"4,75,1
fl 1,1

1,,2

fi = argmlnzzcl !

1=0 7=0




Camera calibration

Monocular
Depth estimation <
Multi-View
— DUSt3R — Pixel correspondences
Pairwise (relative)
Camera pose estimation
— Multi-View

. ] ] Dense 3D reconstruction
Unconstrained Corresponding pointmaps Visual Localization

image collections (dense 2D « 3D mappings)

3. Visual Localization 4. Multi-view Pose Estimation

Given a query image and retrieved database image, the
task can be achieved by :

(1) First build the pixel correspondences from point
matching, which in turn yields 2D-3D correspondences.
The camera pose is solved by the PnP-RANSAC with
the estimated intrinsic.

(2) Estimate the relative pose by point matching, convert
the pose to world coordinate by scaling (scale factor _ arg min y‘ y* 7 OV ||x? — 0. P.X |
obtain from the predicted pointmap and ground truth x,P,0
pointmap of the database image)

ec& vee =1

a. Setup pairwise graph (like in STM)
2 b. Joint optimization of 3D model, camera poses, and scale
H from the graph

R* t* = argmmZCl teh? H (RX ' +1t) — X°
' 38 C. Obtainall camera parameters from the 3D model

7
o,R,t



DUSt3R is Awesome. We can Extend it to
Solve 4D Vision Problems

We'll cover 4D motion in

MonST3R: A Simple Approach for Estimating Geometry in this course!
the Presence of Motion. Zhang et al. 39



3D Foundation Model Has Made Great Progress

VGGT: Visual Geometry Grounded Transformer

Jianyuan Wang!: Minghao Chen'+? Nikita Karaev!? Andrea Vedaldi'+?
Christian Rupprecht! David Novotny?

1Visual Geometry Group, University of Oxford 2Meta Al




VGGT Goes Beyond Image Pairs

Add Global Frame Camera Head Cameras
camera token Attention Attention [ ]
Input ﬁ mm— —> . —_—> —>
P - . =
diise —> —> —> Depth maps
ERrli=aE )
EEEEa —>
] ] []
L DINO C t
CT NN oned
IS LD
VS EE SRS — > —_ DPT — Point maps
L] ] ]
Tracks
—> e —> —>
- J ﬁ
X L times

41



VGGT Outperforms DUSt3R

DUSt3R

<0.1s

Two views

<065 | >200s

32 views

42



3D Foundation Model Has Made Great Progress

Any4D: Unified Feed-Forward Metric 4D Reconstruction
any-4d.github.io

Jay Karhade Nikhil Keetha Yuchen Zhang Tanisha Gupta
Akash Sharma Sebastian Scherer Deva Ramanan

Carnegie Mellon University




Any4D Goes Beyond 3D Reconstruction

View 1 Optional inputs View N Optional inputs
4 ‘—-‘-"‘ E N \ { X 4 '/‘ .‘: N \
B ] # v ) ) sl G =8
RGB Rays Pose Depth Doppler RGB Rays Pose Depth Doppler
Shared weights
View Encoders = |eeeaaa. View Encoders
[RGB encoder] [ Ray ] [ Ray ] [ Pose ] [ Pose J [ Doppler J [RGB encoder} { Ray } { Ray ] [ Pose } [ Pose ] [ Doppler 1
(DINOv2) directions depth Translation Rotation Encoder ||mmmmmma (DINOv2) directions depth Translatic Rotatic Encod
Scale token View 1 Patch tokens Reference view token View-N Patch tokens
@ (OO0 OOOOoO)sdO OCOOCOOOOO
( Alternating-Attention Transformer ]

O DOOQ ........................................................ OOD

g Scale MLP  / \ Pose head / & DPT (Geometry) / K DPT (Scene flow) /

Camera Poses Ray Directions Predicted Depth Scene Flow

Metric Scale
Factor

44



Any4D Goes Beyond 3D Reconstruction

45



Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations

46



Now We Can Reconstruct 3D from 2D Images
But How to Represent the 3D World Computationally?

!ll

— L
gl i L ﬁlUlLl
Miuu u+ E




What is the Best Representation?
How to Convert Between Different Representations?

Depth map Pointcloud Mesh Parametric Surface
. « What is the best representation?
‘ » Derivability from sensor data
' ‘ » Editability (modification, simplification,
smoothing, filtering, repair ...)
‘ rais » Rendering (rasterization, raytracing...)
e > Animation (physical modeling...)
» Compatibility to machine learning
Voxels Signed Distance Tetrahedral Mesh (share structure across related

Function shapes...)

* Decision
°__ boundary
e  of implicit

o surface

« What are pros and cons of each type of
representation?

L] L]
e SDF >0
.0

4 .
(@ SDF <0

« How to convert between different types of
representations?

48



Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map

49



Depth Maps: A 2.5 D Representation

« Measure depth between each pixel and the camera center
« Depth map is "2.5D" representations, associating distance
with every image pixel

50



Depth Maps and Surface Normal Maps

Surface normal
Depth map map

o1 Slide credit S. Tulsiani



From Depth Maps to Surface Normal Maps

« Let's parameterize a surface S in 3D space as:

e Thesurface normaln of Sis:

« For a depth map, the surface can be described as:

r(s,t) = (x(s,1),y(s, 1), 2(s, 1)) Depth map Surf acrre]afg)ormal

Jr Or

n=&xa

rC,y) = (x,y,z(x,y))

e The surface normalis:

I 0Z]

1 0 —

or Or 0 1 0x
n= g X E = 0z X ozl = _%
axl Lo dy

-1 - 52



From Depth Maps to 3D Points

« Measure depth between each pixel and the camera center
« We can convert a set of pixels into a set of 3D points with the

depth map if camera intrinsic is known X = x%
53




A Depth Map Captures Not the “Full” But “Visible” 3D Structure

54



3D Structure

"

A Depth Map Captures Not the “Full” But “Visible

Task. Take something out of a drawer.
(Robot Cfg. 4)

55



Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map
»Point Cloud

56



Going Beyond Image-based 2.5D Representations.
Point Clouds: a Set of Unordered 3D Points

——

o
: \
Scanning J f i

L devices

Sy | \

Range Scanners

Triangulation Scanners

" Structured Light .
phy5|ca| Computrer Vision acqul red

model | point cloud

57



Point Clouds: A Simple Surface Representations

58

Point cloud denotes a set of
unordered 3D points {(x;, yi, ;) |Vi}
covering the object surface

Surfels denotes a set of unordered
3D oriented points

{(x0, yi, 21, my) |V}

Point cloud is the simplest 3D
representation

A set of unordered points is
invariant to permutation



Point Clouds Have Problems

 Points could be irregularly distributed among the object surface

59



Point Clouds Have Problems

 Points could be irregularly distributed among the object surface
» Point clouds may have holes

Image credit L. Guibas 60



Point Clouds Have Problems

 Points could be irregularly distributed among the object surface
 Point Clouds have no connectivity

61



Point Clouds Have Problems

 Points could be irregularly distributed among the object surface
 Point Clouds have no connectivity
» Reconstruction of object surface becomes ambiguous

62



Input

EMD
mean

CD
mean

Metrics for Point Clouds

Chamfer distance
dGD(Sla 82) —

xeS,

Earth Mover’s distance

demp(S1,52) = mms > lle—
2:1:6 S1
. RN /‘
. e i VA _'-?f 2]
. e ..'_ 2 — f ﬂ
\: 5,_,_‘“..”.? ::. -—t ( ﬁ" ‘..-: "l‘ls1
., \-.- ) .t P
O A
‘At . ..':'.

D min ||z — yll; + > min [z -yl

y€2

where ¢ : S7 — S5 is a bijection.

PR

s ot asrs ez
BT A VLR

Given a shape distribution S (blue
and green points) and distance
function L, find the mean shape x
(red points) that minimize:

Ess|L(x,s)]



How to Render Images from Point Clouds

Rendering: Project 3D models to 2D
images
Treat points as small flat disks instead

of tiny spheres
Rendering with shadows requires

surface normals

light {}

source

shading needs normals!

64

Slide adapted from S. Tulsiani




Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map
»Point Cloud
»Mesh

65



Point-based vs. Graph-based Representations

Surface
; normal
'® ? 1 ?
O vertex
X1,Y1,Z1 X1,Y1,Z1 t1 V1,V,VU3
ace
® X2,Y2,Z2 Uy X2,¥2,2; ty V3,Vs, V4
3
X3,Y3,43 V3 X3,Y¥3,7Z3
X4y Var Za Vs X4, Vs, Zs Vertex indices of
O O a face
X5, Y5, Z5 Vs Xs,Ys5,45
4 5 4 5

Coordinates of

The order doesn't matter
each vertex

« The order of the vertex list doesn't matter
« The order of vertex indices in a face matters, which
determine the direction of the surface normal

66



Point-based vs. Graph-based Representations

Surface
; normal
'® ’ “ ’
O vertex
X1, Y1, 41 X1, Y1, 41 1 V1,VUp,V3
ace
® X2,Y2,Z2 Uy X2,Y2,23 t, V1,V3, Uy
3
X3,Y3,23 V3 X3,Y3,Z3 ty V3,VUs, V4
XarYa,Zy Vy X4,Ya,24
» .5 Xs, Vs, Zs 5 Vs Xs,¥s,Zs Vertex indices of
4 4 a face

Coordinates of

The order doesn't matter
each vertex

« The order of the vertex list doesn't matter
« The order of vertex indices in a face matters, which
determine the direction of the surface normal

67



Point Clouds vs. (Triangular) Meshes

68



Meshes as Approximations of Smooth Surfaces

@ Piecewise linear apprOXimation . #faces vs. approximation
Error is O(h?) [O(h) for points] | e

A®

25% 6.5% 1.7% 0.4%

22.5

15.

7.5

Slide credit L. Guibas 69



Texture Mapping of Meshes

Slide credit S. Tulsiani



Texture Mapping of Meshes

Texture map
» @ & = =

u
@ ™3
Q ' )
® &
6o ;..‘
v>

« Storage the u, v coordinate of

P1 Uy, V1 the texture map for each vertex
p; Uy, Uy « (Obtain the texture of a point by
Dy _ interpolation

Slide credit S. Tulsiani 71



Modifying Meshes is a Big Research Problem

b

But other changes are
non-trivial

Modifying vertex
positions can edit
shape

Slide credit S. Tulsiani 72



Example: Removing Skinny Triangles

[Boissonnat-Oudot 03]

s

-

SIGGRAPH

=== Winria  Pierre Alliez INRIA Sophia-Antipolis

Slide credit P. Alliez /3



ing Triangles

g)

1

ively Ref

Adapt

Example

gradin

izing,

tribution (s

1S

Element d

74

INRIA Sophia-Antipolis

Pierre Alliez

B iNRIA

Slide credit P. Alliez



Modifying Meshes is a Big Research Problem

Non-trivial even though both have 8
vertices and 10 faces

» .
9
b
-

\

\\ '.I
\\ I'|
g |
|
N |
‘\\1
- |
b

In general, designing methods that can predict arbitrary
connectivity is challenging (e.g. image to mesh)

Even more challenging if topology
changes

75



Example: Filling Holes in Meshes

ey

Input model ) Minimal triangulation

p

Refined triangulation

-
\
(

L Output model o e Output model

/79




Mesh Processing is a Big Research Topic

s Polygon Mesh
Processing

SlierenualGeometLy,
\”u;!mi'igh}g
Sparameuazauaon
=SRemesmng,
-
=SSP HICATONI™S

APProxaniation S Mario Botsch
=SiViodeliRepan ™ 7

.r/.U:L. INCPANT: ; ¥ Leif Kobbelt

_Jg.y_ru!%lril;_J

. Mark Pauly

=SINIIERICS )

Pierre Alliez

[DOWNIAAS! A Bruno Lévy

BO0KESOUTCCNS0UC
IVIESHESCL R PIPCICE
HINIBRESOIULIONNVIESH

USCHUINBIIKS
Wpenivieshl
Wpenkhipper,
CGAL
hylagiilziy

Lontact
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Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map
»Point Cloud
»Mesh
»Parametric Surface

78



Parametric Representations

- Rangeofafunction f: X Y, XCR™Y CR"

* Sphere in 3D - Example: Explicit curve/circle in 2D

s(u,v) = r (cos(u) cos(v), sin(u) cos(v), sin(v))

t €10,2m)
(u,v) € [0,27) X [—7/2,7/2]

t— p(t) = (z(t),y(t)) /
p(t) = r (cos(t),sin(t)) \

N,

79



Parametric Representations

- Rangeofafunction f: X Y, XCR™Y CR"

« Surfacein3D: m=2n=3

With parametric surfaces:

« Maps a low-dimensional manifold to a high-
dimensional shape

« Disentangles discretization (vertices / faces)
from shape representations

« Preserve the connectivity / topology of the
manifold

80



Parametric Surfaces

def trefoil(u, v):

f((u, U)) — (u, Uj U2 = ’U‘,z) X = r % np.sin(3 * u) / (2 + np.cos(v))
y = r % (np.sin(u) + 2 % np.sin(2 * u)) / (2 + np.cos(v + np.pi * 2 / 3))
z=r/ 2% (np.cos(u) = 2 * np.cos(2 * u)) * (2 + np.cos(v)) * (2 + np.cos(v + np.pi *2 / 3)) / 4

Slide credit S. Tulsiani 81



Bézier Curves

« Bezier curves, splines

Basis functions

Curve and control polygon

82




Bézier Surfaces

Bezier Surface M*N control points can determine a
smooth surface in 3D

Commonly used for designing
meshes

Image credits: Wikipedia

Slide credit S. Tulsiani 83



Parametric Surfaces

« A continuous function f over a 2D manifold
M defines a surface
* Pros:
» Easy to sample points on surface
» (Can do computation in the domain M
« (Cons:

» Difficult to reason about global
structure (e.g., Is a query point g
outside the shape?)

» Difficult to analytically render (ray-
surface intersection is hard for
arbitrary f)

» Difficult to ensemble different shapes

84



Representations of 3D Models

Depth map

Pointcloud Mesh

Parametric Surface

Depth maps, point clouds, meshes and parametric surfaces are
surface representations, which describe the location of the
surface, not if a point is inside / outside the shape

Volume representations instead model the occupancy of the 3D
structure, which enables inference of physical properties (e.g.
mass, density, ...) and facilitate physical modeling

85




Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map
»Point Cloud
»Mesh
»Parametric Surface
»Signed Distance Function
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p: R — R?
t = p(t) = (x(t), y(t))

p(t) = r (cos(t),sin(t))
t €10,2n)

Explicit vs. Implicit Surfaces

-

N

« Define a function f
« Define the surface as:

! f(p) =0}

» For example:
{(x,V|x? +y2 —r? =0}

87
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Implicit Surfaces

fla.n2) =x* +y*+27=1 f(x,y,2) = 4R*(x* + y*) f(x,y,2) = x* +y* + z* + 2x%y? + 2x222

—(x%2 + y% + z? + R? — a?)? +2y?%z?% + 8xyz — 10x? — 10y? — 1022 + 20

Simple functions can offer concise
representations for complex shapes

Slide credit S. Tulsiani 88



Assembling Shapes via Implicit Surfaces

«

ANB

AUB
Ui fi(p) = min f;(p) Nifi(p) = max fi(p)  (f —9)(p) = max(f(p), ~g(p))

A\ B

Boolean operations are easy

(max and min depend on
convention — is +ve outside or

inside? Assumed outside here.)
Image credits: Keenan Crane

Slide credit S. Tulsiani 89



Extend Implicit Surfaces to Volume Representations

« Define a function f
« Define the surface as:

{vlf(p) =0}
« For example:
{(x,VIx? +y% —7r? =0}
{6, VIx? +y% —7r? =4}
{Geyx? +y? =12 = -1}
{(,)|x? +y% —1r? = —4}

90



Extend Implicit Surfaces to Volume Representations

« Define a function f
e Define the surface as:

{pl|f(p) =0}
« For example:
{(x,VIx? +y% —7r? =0}
{6, VIx? +y% —7r? =4}
{Gex? +y? —r? = -1}
{(,)|x? +y% —1r? = —4}
« For f(p) = d, we know can infer the distance of point

p to the surface is d. The sign of d denotes if the
point is inside / outside the shape.

91



Deep Signed Distance Function

o

(@) SDF <0

/o ® Decision
| _— boundary
- e ofimplicit
. surface

DeepSDF: Learning Continuous Signed Distance Functions for

Shape Representation. Park et al.

92

Parameterize a function fy as a neural
network with parameters 8

The surfaceis: {p| fo(p) = 0}

Learn the neural work to predict the signed
distance given any point p

(x,y,2) fo SDF




Learning Signed Distance Functions to
Capture Complex Shapes

w | fo(p) = 0}

Neural network with parameters 6

Image credits: IGR: Implicit Geometric Regularization for Learning Shapes.Gropp et. al 93



Explicit Surface vs. Implicit Surface vs. Density Fields

dh
NI

p: R — R?  Define a function f

tpt) = (z(t), y(2))  Define a function f « The set of internal points:
« Define the surface as: plflp) =1}

p(t) = r (cos(t),sin(t)) lfp) =0} « The set of external points:

t e[0,27) ol f(p) =0}

94



Parameterizing Fields with Neural Networks

Neural Radiance Field

5D Input Output
Position + Direction Color + Density
v (53,2.6,9) »”UD—» (RGBo) g
Yoo 0)/“-' F-— = ¥e oa o 'ﬂ

« Parametrize a function fy by a neural 4_/
network with parameters @ S

 Predict the occupancy of any point p :

(p) = 1, p is inside the shape
fo(p) = 0, p is outside the shape

We'll cover in the next lecture



Parameterizing Fields with Primitive Shapes

Iteration: 41
Epoch: 0.1

l?‘:\

o'

Estimated Estimated
Target Mask Mask Depth

We'll cover in the next lecture
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Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map
»Point Cloud
»Mesh
»Parametric Surface
»Signed Distance Function
»>\Voxels

97



Parameterizing Fields with Voxel Grids

 Given a discrete voxel map V € RAEXWxD

A & 4 » Predict the occupancy of any point p :

1, p is inside the shape

V(p) — {0, pis outside the Shape

AN\ N\ N\ N

98



Pros and Cons of Voxel Grids

e Pros:

» Fast sampling

» (Convenient processing as it exposes
locality. Can easily run convolutions,
nearest-neighbor lookups, etc.

« Cons:

» Requires huge memory as
dimension and resolution increase

» Requires high resolution to capture
finer details of the shape

Image source https://www.antoinetlc.com/blog-summary/3d-data-representations

99 Slide adapted from V. Sitzmann



Octrees: Multi-Resolution Voxel Grids

 Divide volume into 8 voxels. If any box
has more than N points in it, divide it into
8 voxels

* Pros:

» Saves memory (less resolution in
empty parts)

e (Cons:

» Sub-division is not differentiable:
can't easily build neural network that
outputs Octree

» To sample point, have to traverse
multi-resolution hierarchy.

100 Slide credit V. Sitzmann



Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map
»Point Cloud
»Mesh
»Parametric Surface
»Signed Distance Function
»>\Voxels
»Others

10



Constructive Solid Geometry

« Boolean ops over geometric primitives
(spheres, boxes, cylinders, cones, ...)

« Often non-unique

102 Slide credit L. Guibas



Tetrahedral Meshes

Ak

Image source https://www.cuemath.com/geometry/tetrahedron/

Tetrahedral Mesh Generation for Deformable Bodies. Molino et al. 103



Content

» Geometry Reconstruction

> Structure from Motion
> 3D Foundation Model

* 3D Representations
»Depth Map
»Point Cloud
»Mesh
»Parametric Surface
»Signed Distance Function
»>\Voxels
»Others

» Conversion across Representations



Conversion Across Representations: From
Discrete to Continuous

v f
Given values in a discrete (regular) grid, can we predict f(p) for arbitrary points?

Slide credit S. Tulsiani 105



Interpolation: Query Discrete Map with
Continuous Values

« Only stores values at vertex locations,
l.e. corners

f » Values at intermediate coordinates are
/ \ defined via interpolation w/ some kernel k

N
fx) =) fk(x,x))
=1

Interpolation in a 2D voxel grid.

106



Slide credit S. Tulsiani

Bilinear vs. Trilinear Interpolation

(X1,Y2) (X2,y2)
i

(x,y)

(X 1,}/1) (XZ?}_/I)

o For o -
@)

I:l+©

Bilinear Interpolation

107
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Trilinear Interpolation



Accuracy Improves with Grid Resolution




Conversion Across Representations: From
Continuous to Discrete

Slide credit S. Tulsiani 109



Conversion Across Representations: From
Continuous to Discrete

| V'
Vip] € [0, 1] v g {p| f(p) =0}

p€egridg Sample and evaluate points in the grid
Vip] = sgn(f(p)) or V|p] = sigmoid(f(p))

Slide credit S. Tulsiani 110




Conversion Across Representations

=
KA
NS
AT g
SIVAS
RS
KIS
Q<0
Lo
N

Sampling
S —
—_—

Interpolation

Slide credit S. Tulsiani 111



Conversion Across Representations: From Voxel
to Meshes

0000000000 0000000000
oooooooooo 0092222090
000000000
0..000|oo

« Find the boundary from a discrete map

112



Marching Squares in 2D

« Given a function f(p):

1, inside
fp) = {0, outside

« Steps:
» Evaluate f(p) on a grid
» Classify grid points
» Classify grid edges

Slide credit L. Guibas 113



Marching Squares in 2D

« Given a function f(p):

fp) = {é, inside

, outside

« Steps:
» Evaluate f(p) on a grid
» Classify grid points
» Classify grid edges

» Compute intersections
» Connect intersections

Slide credit L. Guibas 114



Compute Intersections for Marching Squares

« Edges with a sign switch contain
intersections

f(p1) <0,f(p) >0

= f(tpy + (1= O)p) = 0,3t € [0,1] Pt (=0, S
« The simplest way to compute t: assume P2 P1
f is linear between p; and p,:
f(p1)

‘= f(p2) — f(p1)

115



Connect Intersections for Marching Squares

® O

O0—0 &0 O—@ &—0@ O—0 &—0O O—@ &—9@
O—O 00— 0 0—0 0—0 &—0 &—0O —0 —0O
O—0 ¢—0O O—0 ¢—9 O—O ¢—0O O—9 —90
O—0 0—0 O0—0 O0—0 6—90 6—90 ¢6—9 o690

16 cases

116



Connect Intersections for Marching Squares

® O

O0—0 &0 O—@ &—0@ O—0 &—0O O—@ &—9@
O—O 00— 0 0—0 0—0 &—0 &—0O —0 —0O
O—0O0 &—0O O—@ 6—9@ O—0O ¢&—0O O—@ ¢—90
O—0 0—0 O0—0 O0—0 6—90 6—90 ¢6—9 o690

BREE S I S,
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Marching Squares in 2D

Connecting the intersections:

Ambiguous cases: % %

Break contour Join contour

Two options:
1) Can resolve ambiguity by subsampling inside the cell.
2) If subsampling is impossible, pick one of the two possibilities.

118



Marching Cubes in 3D

Same machinery: cells — cubes (voxels), lines — triangles

« 256 different cases - 15 after symmetries, 6 ambiguous cases
* More subsampling rules — 33 unique cases

Case 6

| i b \
@E @ E | V - L _\‘—}

O / Cases 3 and 6 Cases3 a;d:i: = __6
the 15 cases explore ambiguity to avoid holes!

Chernyaev, Marching Cubes 33,95

Slide credit L. Guibas 119



Marching Cubes in 3D

Main Strengths:

* Very multi-purpose.

« Extremely fast and parallelizable.
» Relatively simple to implement.

* Virtually parameter-free

Main Weaknesses:

« Can create badly shaped (skinny) triangles.
 Many special cases (implemented as big lookup tables).
* No sharp features.

Slide credit L. Guibas 120



Conversion Across Representations

I §ATA =
SN
Ny v

Marching Cubes

Sampling
P —
—_

Interpolation

Slide credit S. Tulsiani 121



Conversion Across Representations: From
Meshes to Point Clouds

Converting meshes to point clouds is simply
sample points for a triangle

Image credit S. Tulsiani 122



Sampling Points from Triangles

* The simplest approach

V = Q1P1 + 2P2 + Q3P3

ZGiZI;Q@,}O
1

Initial attempt:

(] =0 [U, 1]
ag ~ (0,1 — aq]

C]f3=1—051—&2

123



Sampling Points from Triangles

* The simplest approach

V = Qq1P1 + 2P2 + &3P3

ZO(?; =1: ;>0
i
Initial attempt:
a1 [O, 1]

Qg [0,1 —Oél]

a3 =1— a1 — a9

as; < a, < ap:samples more points around p,
124



Sampling Points from Triangles

* A better approach

/ " "\ V = a1P1 + 2P2 + O3P3
i ew
gﬁ{‘ 3’3\
ﬁ

/ ‘?* S o :""f}-‘\\ [O 1]

A B AR

{ """’5;,.: ':..‘S.': % 6V1 = 1 —/u
Arle Sl 2 5\ ay, = (1 —v)/u

ag—V\/—

125



Uniform Point Sampling from Each Triangle

Small and large meshes have the same
number of sampled points
« Sample points are unevenly distributed

3D Asset: https://goo.gle/scanned-objects 126



Uniform Point Sampling from Meshes

Repeat N times:
« Sample a triangle with area-proportional probability
« Sample a point uniformly from a triangle

3D Asset: httpsi/e0o.gle/scanned-object 17 Still sample points are unevenly distributed!



Farthest Point Sampling from Triangles

Repeat N times:
« Select a point furthest form the current set

3D Asset: https://goo.gle/scanned-objects 128



Farthest Point Sampling

1.Create an initial sample point set S
* Image corners + additional random point.
2. Find the point which is the farthest from all pointin §

d(p,S) = max(d(q, S))

qgcA
~ aea (olgginiv(d(q’ Si))>

3. Insert the point to S and update the distances
4. While more points are needed, iterate

How to define distance on meshes?

129



Distance Metric on Meshes (Manifolds)

Distance on
Manifold

@Geodesics: Straightest and
locally shortest curves

uclidean
distance

isolines - geodesic

Slide credit L. Guibas 130



Farthest Point Sampling vs. Uniform Point Sampling

131



Farthest Point Sampling

)

u’
4

Carne, Weischedel, and Wardetzky 2017,
The Heat Method for Distance Computation

Slide credit L. Guibas 132



Conversion Across Represen

"{'.
g
N —
/ %}.;f,' ; ot .
| - Sampling

Marching Cubes

Sampling
S —
—_—

Interpolation

133




Conversion Across Representations: From Points to Meshes

134



Converting Unstructured Points to Meshes is
Inherently an ill-posed Problem




ea? Converting Points to Implicit Surface Functions
Converting Implicit Surface Functions to Meshes

e
TN

7 Sampling

136



Conversion ACross Representations: From
Points to Implicit Surface Functions



Conversion ACross Representations: From
Points to Implicit Surface Functions

® " Simplest method:
o o 9 -
« Given a point x in space, find nearest
| , point p in the point cloud
® ® « Thesigned distance f(x) = (x —p)'n
[ [
How to obtain surface normal n?
| _ |

138



Estimate Surface Normals from Points

Assume we have a clean sampling of the surface. OK, start with a curve.

Goal: find best approximation of the normal at P.

Method: Given line / through P with normal n, for another point p:

d(p;,1)? = = = ((p: — P)"n)? if |n|| = 1

139



Estimate Surface Normals from Points

Assume we have a clean sampling of the surface. OK, start with a curve.

Goal: find best approximation of the normal at P.

k
Method: Find n, minimizing > "d(p;,1)> for a set of k points near P (e.g.
k nearest neighbors of P). =1

Nyt = arg min ((p; — P)'n)?
: Infj=1 ; )

140



Estimate Surface Normals from Points

k
Rope = arg min > (o — P)'n)?
1
=1

inil=1 £

k
= arg minZ((pi — P)'n)? — An'n
n
i=1

k
0 9,
- %@«pi - p)W) Ao (n'm) = 0

k
S Z 2(p; — P)(p; — P)'m = 2An = Cn = An

i=1

C': the covariance matrix around P

N the eigen vector of C

141



Estimate Surface Normals from Points

lIn||=1 4 In||=1
=

Kk
N,y = arg min Z((pi — P)'n)? = arg|min n'cn
1
=1
k

= arg minZ((pi — P)'n)? — An'n
n
i=1

k
0 9,
- %@«pi - p)W) Ao (n'm) = 0

k
S Z 2(p; — P)(p; — P)'m = 2An = Cn = An
i=1 '

C': the covariance matrix around P

Nn: the eigen vector corresponding

to the smallest eigen value of C
142




Estimate Surface Normals from Points

Assume we have a clean sampling of the surface. OK, start with a curve.

Using Lagrange multipliers:

2 (5 — P)In)? | =\ 9 (nT = ()
In ;((Pa— )'n)” | — d_n(n n) =
Z 2(p; — P)(pi — P)'n =2\n

143



Conversion ACross Representations: From
Points to Implicit Surface Functions

X
? « Given a point x in space, find nearest
point p in the point cloud

« The signed distance f(x) = (x —p)'n
(obtain surface normals from local
® covariance matrix)

« Need consistently oriented normals.
o ® ® In general, difficult problem, but can
try to locally connect points and fix

orientations

® ® ‘</ Simplest method:

®
?

144



Signed Distance Function from Points and
Normals

Input: Points + Normals

Normals help to distinguish A
= : b
between inside and outside N S .

+ Computed via locally fitting ‘“' ..-»
planes at the points (and = § a., +
consistently oriented) Y {

+ Previous method is very /'1,1\

local and gives noisy results

“Surface reconstruction from unorganized points”, Hoppe et al., ACM SIGGRAPH 1992
http://research.microsoft.com/en-us/um/people/hoppe/proj/recon/

145



Other Ildeas? Poisson Reconstruction

0

\\\I I," 1) 0
N L
= Ny 0
- Ve
-— ~
. - —p 0 —p
’ - 0

RN 0 0
Oriented points Indicator function Surface

V XM oM

Key Idea: Find a (smoothed) indicator function whose gradient corresponds to the surface normals

A surface can then be extracted via iso-surface of the indicator function

146



Poisson Reconstruction

0
0
\\\T ,/ “ {]
S ke
= ™ 0
= Vg
— ] 0
- - B
’ - 0
TN 0 0
Oriented points Indicator function
V Xm

miny |[Vy —V| —b Ay=V-Vy=V.V

Efficient solvers exist (common problem in physics)
Standard tool in geometry processing

147



Poisson Reconstruction in Practice

215 million data points from 1000 scans

This is still an open

22 million triangles in reconstruction
research problem!

Compute: 2.1hrs, 6.6GB memory

Slide credit S. Tulsiani 148



|[dea? Converting Points to Implicit Surface Functions
Converting Implicit Surface Functions to Meshes

Poisson reconstruction / distance to local tangent plane ...

< -/ Sampling

149



Conversion Across Representations: From
Implicit Surface Function to Discrete Map

150
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We Can Apply the Marching Cubes Method to
Convert Implicit Surface Function to Meshes

® O

O0—0 &0 O—@ &—0@ O—0 &—0O O—@ &—9@
O—O 00— 0 0—0 0—0 &—0 &—0O —0 —0O
O—0O0 &—0O O—@ 6—9@ O—0O ¢&—0O O—@ ¢—90
O—0 0—0 O0—0 O0—0 6—90 6—90 ¢6—9 o690

BREE S I S,
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Poisson reconstruction / distance to local tangent plane ...

Marching
Cubes

AT
i

‘/,.

Marching Cubes

Sampling
S —
—_—

Interpolation
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sSummary

Structure from Motion

4

DUSt3R

Pointmap

> yil g RWXHX3

—>

Common coordinate frame
of camera 1 (image ;)

\ YJoM1aU |emaN/

Image I; € RWXH*3

v -

Image I, € RW*H*3

Cameral
(at origin

Pointmap //—i) ;

> x21 g gWxHx3 Camera2
(unknown position)

3D Representations

fW)=peR3 ueM

* Decision
*__ boundary
o of implicit

. o o Suface

* SDF>0
. . b

o o
(a) SDIF <0

Conversion between 3D Representations

Poisson reconstruction / distance to local tangent plane ...

Marching
Cubes
—

TMarching Cubes

Sampling
—

R
Interpolation




What We Will Cover Next Week

» Rendering and 3D scene reconstruction
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