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• This lecture borrows contents heavily from

➢ Learning for 3D Vision by Shubam Tulsiani at CMU

➢ Neural Representations and Generative Models for 3D Geometry by L. 
Guibas at Stanford

➢ Computer Vision by Noah Snavely at Cornell

➢ Intro to Computer Vision and Computational Photography by Alyosha 
Efros at UC Berkeley

Disclaimer
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https://learning3d.github.io/schedule.html
https://graphics.stanford.edu/courses/cs348n-22-winter/
https://www.cs.cornell.edu/courses/cs5670/2024sp/lectures/lectures.html
Intro%20to%20Computer%20Vision%20and%20Computational%20Photography
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3D-to-2D perspective projection
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2D-to-3D reconstruction

Recap
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To Reconstruct 3D Models, We Need to Know 
Correspondence and Camera Poses
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How to Model the 3D World from Photo Collections? 

Building Rome in a Day.  Agarwal et al. 5



Estimate Camera Pose, Correspondence and 3D 
Models from Image Collection

From photo collections, we want to obtain:
• Camera pose: Where were the photo taken?
• 3D shape
• Pixel correspondence

Image credit N. Snavely 6



https://www.ikea.com/global/en/newsroom/innovation/ik
ea-launches-ikea-place-a-new-app-that-allows-people-to-

virtually-place-furniture-in-their-home-170912/

How to Represent the 3D Models

Image credit Davide Scaramuzza
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• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
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Structure from Motion

From photo collections, we want to obtain:
• Camera pose: Where were the photo taken?
• 3D shape
• Pixel correspondence

Image credit N. Snavely 10



Solve Simpler Problems First

Correspondence
search

Initial 3D 
estimation

Optimization
(Bundle adjustment)

• Find the pair of overlapping
• Identify pixel correspondence

• Estimate the camera pose
• Reconstruct the 3D model 

with triangulation

• Refine the estimation of 
camera pose

• Refine the reconstruction of 
the 3D model

11

Problem: 3D reconstruction without correspondence and camera motions



Solve Simpler Problems First

Correspondence
search

Initial 3D 
estimation

Optimization
(Bundle adjustment)

Solutions:
• Initialize from the easiest/most-confident image pair
• Incrementally add hard/less-confident images

Carefully select 
two views

Add an 
additional view

12

Problem: 3D reconstruction from a collection of images



Correspondence Search: Feature Detection

Image credit N. Snavely 13



Image credit N. Snavely

Connect a pair of image if 
they are overlapped 

(contain a certain number 
of corresponded pixels)

Correspondence Search: Feature Detection
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Estimate fundamental matrix between each pair and re-evaluate the pixel correspondence

(𝑢, 𝑣)

(𝑢′, 𝑣′)

𝑢′ 𝑣′ 1

𝑓11 𝑓12 𝑓13
𝑓21 𝑓22 𝑓23
𝑓31 𝑓32 𝑓33

𝑢
𝑣
1

= 0

Fundamental matrix
𝑭

15

Correspondence Search: Geometric Verification



Initial Pixel Correspondence May be too Noisy…
Remove Outliers with RANSAC 

Overview of the RANSAC Algorithm.  Derpanis. 16



http://cmsc426.github.io/sfm/

Initial Pixel Correspondence May be too Noisy…
Remove Outliers with RANSAC 
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Image credit N. Snavely

Estimate fundamental matrix between each pair and re-evaluate 
the pixel correspondence

Geometric 
Verification

Correspondence Search: Geometric Verification
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Image Connectivity Graph

Modeling the World from Internet Photo Collections.  Snavely et al.  IJCV 2008. 19



Correspondence
search

Initial 3D 
estimation

Optimization
(Bundle adjustment)

• Find the pair of overlapping
• Identify pixel correspondence

• Estimate the camera pose
• Reconstruct the 3D model 

with triangulation

• Refine the estimation of 
camera pose

• Refine the reconstruction of 
the 3D model

Solve Simpler Problems First
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Initial 3D Estimation: Pose Estimation with 
Perspective-n-Point (PnP) Solver

https://medium.com/@rashik.shrestha/perspective-n-point-pnp-f2c7dd4ef1ed

Perspective-3-Point (P3P) Problem): PnP solver derives the camera pose from n-point 
correspondence. 

• The solution derived by SVD is sub-optimal
• The solution derived by Fundamental matrix 

estimation has ambiguity in “scale”

For more details, check:
• “Multiple view geometry in computer vision” by 

Richard Hartley and Andrew Zisserman
• Lecture by C. Stachniss (https://www.ipb.uni-

bonn.de/html/teaching/photo12-2021/2021-pho1-
23-p3p.pptx.pdf)

• Blog post by Jingnan Shi 
(https://jingnanshi.com/blog/pnp_minimal.html)

• Lecture by S. LaValle 
(https://www.youtube.com/watch?v=0JGC5hZYCVE)
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https://www.ipb.uni-bonn.de/html/teaching/photo12-2021/2021-pho1-23-p3p.pptx.pdf
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https://www.youtube.com/watch?v=0JGC5hZYCVE


Correspondence
search

Initial 3D 
estimation

Optimization
(Bundle adjustment)

• Find the pair of overlapping
• Identify pixel correspondence

• Estimate the camera pose
• Reconstruct the 3D model 

with triangulation

• Refine the estimation of 
camera pose

• Refine the reconstruction of 
the 3D model

Solve Hard Problems Last

22



Bundle Adjustment: Joint Estimation of 3D 
Model and Camera Pose

Slide credit N. Snavely 23



What Could be Wrong?

Correspondence
search

Initial 3D 
estimation

Optimization
(Bundle adjustment)

Problems:
• Difficult to initialize cameras all at once
• Bad initialization will lead to very-wrong results

24



Idea: Initialize from the easiest/most-confident image pair

More precise pose estimation and 
3D reconstruction

Slide credit A. Efros 25



26Slide credit A. Efros



Incremental Structure from Motion

Correspondence
search

Initial 3D 
estimation

Optimization
(Bundle adjustment)

Solutions:
• Initialize from the easiest/most-confident image pair
• Incrementally add hard/less-confident images

Carefully select 
two views

Add an 
additional view

27



Video credit N. Snavely

Incremental Structure from Motion

28



Incremental Structure from Motion

29Video credit N. Snavely



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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Do We Have Better Solution? Yes!

31



?

? ?

Camera Pose, Correspondence, and 3D Shape are Unknown

Solution: Learn to map each 
pixel to a 3D location among 
two views.

Correspondence emerges from 
the 3D location of every pixel!

Camera motion can be derived 
accordingly!

32



DUSt3R: Dense and Unconstrained Stereo 3D Reconstruction
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View 1 View 2 3D model View 1 View 2 3D model

34

Predict 3D Pointmap at the Coordinate Frame of View 1



• Idea: Learn a neural network that predicts 3D pointmaps of two camera views

• Pixel correspondence emerges from the proximity of their 3D locations

• Camera motions can be derived accordingly

• Requirement:

➢ A lots of 3D datasets with 3D pointmaps for image pairs

➢ A strong visual encoder pre-trained with cross-view completion

35
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A Model that Solves Structure from Motion



Slide credit Wang et al.37



a. Set up pairwise graph (like in SfM)
b. Joint optimization of 3D model, camera poses, and scale 

from the graph
c. Obtain all camera parameters from the 3D model38



DUSt3R is Awesome.  We can Extend it to 
Solve 4D Vision Problems 

39
MonST3R: A Simple Approach for Estimating Geometry in 

the Presence of Motion.  Zhang et al.

We’ll cover 4D motion in 
this course!



3D Foundation Model Has Made Great Progress

40



VGGT Goes Beyond Image Pairs

41



VGGT Outperforms DUSt3R

42



3D Foundation Model Has Made Great Progress

43



Any4D Goes Beyond 3D Reconstruction

44



Any4D Goes Beyond 3D Reconstruction

45



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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Now We Can Reconstruct 3D from 2D Images
But How to Represent the 3D World Computationally? 

47



What is the Best Representation?
How to Convert Between Different Representations?

48

Depth map Pointcloud Mesh Parametric Surface

Voxels Signed Distance 
Function

Tetrahedral Mesh

• What is the best representation?
➢ Derivability from sensor data
➢ Editability (modification, simplification, 

smoothing, filtering, repair …)
➢ Rendering (rasterization, raytracing…)
➢ Animation (physical modeling…)
➢ Compatibility to machine learning 

(share structure across related 
shapes…)

• What are pros and cons of each type of 
representation?

• How to convert between different types of 
representations?



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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Depth Maps: A 2.5 D Representation

50

• Measure depth between each pixel and the camera center
• Depth map is ”2.5D” representations, associating distance 

with every image pixel

Image source Paul Bourke



Depth Maps and Surface Normal Maps

51 Slide credit S. Tulsiani

Depth map
Surface normal 

map



From Depth Maps to Surface Normal Maps

52

Depth map
Surface normal 

map

• Let’s parameterize a surface 𝑆 in 3D space as:

𝒓 𝑠, 𝑡 = (𝑥 𝑠, 𝑡 , 𝑦 𝑠, 𝑡 , 𝑧(𝑠, 𝑡))

• The surface normal 𝒏 of 𝑆 is:

𝒏 =
𝜕𝒓

𝜕𝑠
×
𝜕𝒓

𝜕𝑡

• For a depth map, the surface can be described as:

𝑟 𝑥, 𝑦 = (𝑥, 𝑦, 𝑧 𝑥, 𝑦 )

• The surface normal is:

𝒏 =
𝜕𝒓

𝜕𝑠
×
𝜕𝒓

𝜕𝑡
=

1
0
𝜕𝒛

𝜕𝑥

×

0
1
𝜕𝒛

𝜕𝑦

=

−
𝜕𝒛

𝜕𝑥

−
𝜕𝒛

𝜕𝑦
1

𝒏



From Depth Maps to 3D Points

53

• Measure depth between each pixel and the camera center
• We can convert a set of pixels into a set of 3D points with the 

depth map if camera intrinsic is known  𝑋 = 𝑥
𝑍

𝑓

Image source Paul Bourke



A Depth Map Captures Not the “Full” But “Visible” 3D Structure 
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A Depth Map Captures Not the “Full” But “Visible” 3D Structure 

55
Image source:  Robo360: A 3D Omnispective
MultiMaterial Robotic Manipulation Dataset 

Video source:  RH20T: A Comprehensive Robotic 
Dataset for Learning Diverse Skills in One-Shot



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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57 Image credit S. TulsianiImage credit L. Guibas

Going Beyond Image-based 2.5D Representations.  
Point Clouds: a Set of Unordered 3D Points



Point Clouds: A Simple Surface Representations

58Slide adapted from L. Guibas

• Point cloud denotes a set of 
unordered 3D points {(𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖)|∀𝑖}
covering the object surface

• Surfels denotes a set of unordered 
3D oriented points 
{(𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 , , 𝒏𝑖)|∀𝑖}

• Point cloud is the simplest 3D 
representation

• A set of unordered points is 
invariant to permutation



Point Clouds Have Problems

59

• Points could be irregularly distributed among the object surface



Point Clouds Have Problems

60

• Points could be irregularly distributed among the object surface
➢ Point clouds may have holes

Image credit L. Guibas



Point Clouds Have Problems

61

• Points could be irregularly distributed among the object surface
• Point Clouds have no connectivity



Point Clouds Have Problems

62

• Points could be irregularly distributed among the object surface
• Point Clouds have no connectivity

➢ Reconstruction of object surface becomes ambiguous



Metrics for Point Clouds

63

Given a shape distribution 𝕊 (blue 
and green points) and distance 
function 𝐿, find the mean shape 𝑥
(red points) that minimize: 

A Point Set Generation Network for 3D Object Reconstruction from a Single Image.  Fan et al.



How to Render Images from Point Clouds

64

• Rendering: Project 3D models to 2D 
images

• Treat points as small flat disks instead 
of tiny spheres

• Rendering with shadows requires 
surface normals

Slide adapted from S. Tulsiani



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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Point-based vs. Graph-based Representations

66

1 2

3

4 5

Points

𝑥1, 𝑦1, 𝑧1

𝑥2, 𝑦2, 𝑧2

𝑥3, 𝑦3, 𝑧3

𝑥4, 𝑦4, 𝑧4

𝑥5, 𝑦5, 𝑧5

The order doesn’t matter

1 2

3

4 5

Vertices

𝑣1 𝑥1, 𝑦1, 𝑧1

𝑣2 𝑥2, 𝑦2, 𝑧2

𝑣3 𝑥3, 𝑦3, 𝑧3

𝑣4 𝑥4, 𝑦4, 𝑧4

𝑣5 𝑥5, 𝑦5, 𝑧5

Coordinates of 
each vertex

Vertex indices of 
a face

vertex

face

• The order of the vertex list doesn’t matter
• The order of vertex indices in a face matters, which 

determine the direction of the surface normal

Surface 
normal

Faces

𝑡1 𝑣1, 𝑣2, 𝑣3

𝑡2 𝑣3, 𝑣5, 𝑣4

…



Point-based vs. Graph-based Representations

67

1 2

3

4 5

Points

𝑥1, 𝑦1, 𝑧1

𝑥2, 𝑦2, 𝑧2

𝑥3, 𝑦3, 𝑧3

𝑥4, 𝑦4, 𝑧4

𝑥5, 𝑦5, 𝑧5

The order doesn’t matter

1 2

3

4 5

vertex

face

Surface 
normal

Vertices

𝑣1 𝑥1, 𝑦1, 𝑧1

𝑣2 𝑥2, 𝑦2, 𝑧2

𝑣3 𝑥3, 𝑦3, 𝑧3

𝑣4 𝑥4, 𝑦4, 𝑧4

𝑣5 𝑥5, 𝑦5, 𝑧5 Vertex indices of 
a face

Faces

𝑡1 𝑣1, 𝑣2, 𝑣3

𝑡1
′ 𝑣1, 𝑣3, 𝑣2

𝑡2 𝑣3, 𝑣5, 𝑣4

…

Coordinates of 
each vertex

• The order of the vertex list doesn’t matter
• The order of vertex indices in a face matters, which 

determine the direction of the surface normal
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Point Clouds vs. (Triangular) Meshes



69Slide credit L. Guibas

Meshes as Approximations of Smooth Surfaces



70Slide credit S. Tulsiani

Texture Mapping of Meshes



71Slide credit S. Tulsiani

Texture Mapping of Meshes

Texture map

𝑢

𝑣

𝑝1

𝑝2
𝑝3

UV coordinates

𝑝1 𝑢1, 𝑣1

𝑝2 𝑢2, 𝑣2

𝑝3 𝑢3, 𝑣3

𝑝′

• Storage the u, v coordinate of 
the texture map for each vertex

• Obtain the texture of a point by 
interpolation



72Slide credit S. Tulsiani

Modifying Meshes is a Big Research Problem



73Slide credit P. Alliez

Example: Removing Skinny Triangles



74Slide credit P. Alliez

Example: Adaptively Refining Triangles



75Slide credit S. Tulsiani

Modifying Meshes is a Big Research Problem



76Slide credit L. Kobbelt

Example: Filling Holes in Meshes



77

Mesh Processing is a Big Research Topic



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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Parametric Representations

79Slide credit H. Su



Parametric Representations

80Slide credit H. Su and S. Tulsiani

With parametric surfaces:
• Maps a low-dimensional manifold to a high-

dimensional shape
• Disentangles discretization (vertices / faces) 

from shape representations
• Preserve the connectivity / topology of the 

manifold



Parametric Surfaces

81Slide credit S. Tulsiani



Bézier Curves

82

Video source: https://mmrndev.medium.com/understanding-
b%C3%A9zier-curves-f6eaa0fa6c7d

Slide credit H. Su



Bézier Surfaces

83Slide credit S. Tulsiani



Parametric Surfaces

84

• A continuous function 𝑓 over a 2D manifold 
ℳ defines a surface

• Pros:
➢ Easy to sample points on surface
➢ Can do computation in the domain ℳ

• Cons:
➢ Difficult to reason about global 

structure (e.g., is a query point q 
outside the shape?)

➢ Difficult to analytically render (ray-
surface intersection is hard for 
arbitrary 𝑓)

➢ Difficult to ensemble different shapes

Slide credit S. Tulsiani



Representations of 3D Models

85

Depth map

Image source Paul Bourke

Pointcloud

Image source S. Tulsiani Image source Waymo

Mesh

Image source S. Tulsiani

Parametric Surface

Image source S. Hao

• Depth maps, point clouds, meshes and parametric surfaces are 
surface representations, which describe the location of the 
surface, not if a point is inside / outside the shape

• Volume representations instead model the occupancy of the 3D 
structure, which enables inference of physical properties (e.g. 
mass, density, …) and facilitate physical modeling



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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Explicit vs. Implicit Surfaces

87Image credit H. Su

• Define a function 𝑓

• Define the surface as:

𝑝 𝑓 𝑝 = 0}

• For example:

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = 0}



Implicit Surfaces

88Slide credit S. Tulsiani



Assembling Shapes via Implicit Surfaces

89Slide credit S. Tulsiani



Extend Implicit Surfaces to Volume Representations

90

• Define a function 𝑓

• Define the surface as:

𝑝 𝑓 𝑝 = 0}

• For example:

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = 0}

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = 4}

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = −1}

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = −4}

Image credit H. Su



Extend Implicit Surfaces to Volume Representations

91

• Define a function 𝑓

• Define the surface as:

𝑝 𝑓 𝑝 = 0}

• For example:

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = 0}

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = 4}

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = −1}

(𝑥, 𝑦) 𝑥2 + 𝑦2 − 𝑟2 = −4}

• For 𝑓 𝑝 = 𝑑, we know can infer the distance of point 
𝑝 to the surface is 𝑑.  The sign of 𝑑 denotes if the 
point is inside / outside the shape.

Image credit H. Su



Deep Signed Distance Function

92
DeepSDF: Learning Continuous Signed Distance Functions for 

Shape Representation.  Park et al.

𝑓𝜃

• Parameterize a function 𝑓𝜃 as a neural 
network with parameters 𝜃

• The surface is:  𝑝 𝑓𝜃 𝑝 = 0}

• Learn the neural work to predict the signed 
distance given any point 𝑝



Learning Signed Distance Functions to 
Capture Complex Shapes

93Image credits: IGR: Implicit Geometric Regularization for Learning Shapes.Gropp et. al



Explicit Surface vs. Implicit Surface vs. Density Fields

94

• Define a function 𝑓

• Define the surface as:

𝑝 𝑓 𝑝 = 0}

• Define a function 𝑓

• The set of internal points:

𝑝 𝑓 𝑝 = 1}

• The set of external points:

𝑝 𝑓 𝑝 = 0}



Parameterizing Fields with Neural Networks

95

• Parametrize a function 𝑓𝜃 by a neural 
network with parameters 𝜃

• Predict the occupancy of any point 𝑝 :

𝑓𝜃 𝑝 = ቊ
1, p is inside the shape
0, p is outside the shape

Neural Radiance Field

We’ll cover in the next lecture

NeRF: Representing Scenes as Neural Radiance Fields for View 
Synthesis. Mildenhall et al.



Parameterizing Fields with Primitive Shapes

96
Image credits: Lef: Local Deep Implicit Functions for 3D Shape, 

Genova et. al. Right: Fuzzy Metaballs, Keselman & Hebert

We’ll cover in the next lecture

Slide credit S. Tulsiani



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content
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Parameterizing Fields with Voxel Grids

98

• Given a discrete voxel map 𝑉 ∈ ℝ𝐻×𝑊×𝐷

• Predict the occupancy of any point 𝑝 :

𝑉 𝑝 = ቊ
1, p is inside the shape
0, p is outside the shape



Pros and Cons of Voxel Grids

99

• Pros:

➢ Fast sampling

➢ Convenient processing as it exposes 
locality. Can easily run convolutions, 
nearest-neighbor lookups, etc.

• Cons:

➢ Requires huge memory as 
dimension and resolution increase

➢ Requires high resolution to capture 
finer details of the shape

Slide adapted from V. Sitzmann

Image source https://www.antoinetlc.com/blog-summary/3d-data-representations



Octrees: Multi-Resolution Voxel Grids

100 Slide credit V. Sitzmann

• Divide volume into 8 voxels.  If any box 
has more than N points in it, divide it into 
8 voxels

• Pros:

➢ Saves memory (less resolution in 
empty parts)

• Cons:

➢ Sub-division is not differentiable: 
can’t easily build neural network that 
outputs Octree

➢ To sample point, have to traverse 
multi-resolution hierarchy.



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content

10
1



Constructive Solid Geometry

102 Slide credit L. Guibas

• Boolean ops over geometric primitives 
(spheres, boxes, cylinders, cones, …)

• Often non-unique



Tetrahedral Meshes

103Tetrahedral Mesh Generation for Deformable Bodies.  Molino et al.
Image source https://www.cuemath.com/geometry/tetrahedron/



• Geometry Reconstruction
➢Structure from Motion

➢3D Foundation Model

• 3D Representations
➢Depth Map

➢Point Cloud

➢Mesh

➢Parametric Surface

➢Signed Distance Function

➢Voxels

➢Others

• Conversion across Representations

Content

10
4



Conversion Across Representations: From 
Discrete to Continuous

105Slide credit S. Tulsiani



Interpolation: Query Discrete Map with 
Continuous Values

106Slide credit V. Sitzmann



Bilinear vs. Trilinear Interpolation

107Slide credit S. Tulsiani



Accuracy Improves with Grid Resolution

108



Conversion Across Representations: From 
Continuous to Discrete

109Slide credit S. Tulsiani



Conversion Across Representations: From 
Continuous to Discrete

110Slide credit S. Tulsiani

Sample and evaluate points in the grid



Conversion Across Representations

111Slide credit S. Tulsiani

Sampling

Interpolation

?



Conversion Across Representations: From Voxel 
to Meshes

112Image credit L. Guibas

• Find the boundary from a discrete map



Marching Squares in 2D

113Slide credit L. Guibas

• Given a function 𝑓(𝑝):

𝑓 𝑝 = ቊ
1, inside
0, outside

• Steps:

➢ Evaluate 𝑓(𝑝) on a grid

➢ Classify grid points

➢ Classify grid edges



Marching Squares in 2D

114Slide credit L. Guibas

• Given a function 𝑓(𝑝):

𝑓 𝑝 = ቊ
1, inside
0, outside

• Steps:

➢ Evaluate 𝑓(𝑝) on a grid

➢ Classify grid points

➢ Classify grid edges

➢ Compute intersections

➢ Connect intersections



Compute Intersections for Marching Squares

115Slide credit L. Guibas

• Edges with a sign switch contain 
intersections

𝑓 𝑝1 < 0, 𝑓 𝑝2 > 0

⇒ 𝑓 𝑡𝑝1 + (1 − 𝑡)𝑝2 = 0, ∃𝑡 ∈ [0, 1]

• The simplest way to compute 𝑡: assume 
𝑓 is linear between 𝑝1 and 𝑝2:

𝑡 =
𝑓 𝑝1

𝑓 𝑝2 − 𝑓 𝑝1

𝑝2 𝑝1

𝑡𝑝1 + (1 − 𝑡)𝑝2



Connect Intersections for Marching Squares

116Image credit L. Guibas



Connect Intersections for Marching Squares

117Image credit L. Guibas



Marching Squares in 2D

118Slide credit L. Guibas



Marching Cubes in 3D

119Slide credit L. Guibas



Marching Cubes in 3D

120Slide credit L. Guibas



Conversion Across Representations

121Slide credit S. Tulsiani

Sampling

Interpolation

Marching Cubes

?



Conversion Across Representations: From 
Meshes to Point Clouds

122Image credit S. Tulsiani

Converting meshes to point clouds is simply 
sample points for a triangle



Sampling Points from Triangles

123Slide credit S. Tulsiani

• The simplest approach



Sampling Points from Triangles

124Slide credit S. Tulsiani

• The simplest approach

𝛼3 < 𝛼2 < 𝛼1 : samples more points around 𝑝1



Sampling Points from Triangles

125Slide credit S. Tulsiani

• A better approach

u, v ~[0, 1]
𝛼1 = 1 − u

𝛼2 = 1 − v u
𝛼3 = v u



Uniform Point Sampling from Each Triangle

1263D Asset: https://goo.gle/scanned-objects

• Small and large meshes have the same 
number of sampled points

• Sample points are unevenly distributed



Uniform Point Sampling from Meshes

1273D Asset: https://goo.gle/scanned-objects

Repeat N times:
• Sample a triangle with area-proportional probability
• Sample a point uniformly from a triangle

Still sample points are unevenly distributed!



Farthest Point Sampling from Triangles

1283D Asset: https://goo.gle/scanned-objects

Repeat N times:
• Select a point furthest form the current set



Farthest Point Sampling

129Slide credit L. Guibas

How to define distance on meshes?



Distance Metric on Meshes (Manifolds)

130Slide credit L. Guibas



Farthest Point Sampling vs. Uniform Point Sampling 

131



Farthest Point Sampling

132Slide credit L. Guibas



Conversion Across Representations

133Slide credit S. Tulsiani

Sampling

Interpolation

Marching Cubes

? ?

Sampling



Conversion Across Representations: From Points to Meshes

134



Converting Unstructured Points to Meshes is 
Inherently an ill-posed Problem 

135



Idea? Converting Points to Implicit Surface Functions
Converting Implicit Surface Functions to Meshes

136Slide credit S. Tulsiani

?

?

Sampling



Conversion Across Representations: From 
Points to Implicit Surface Functions

137Slide adapted from  L. Guibas



Conversion Across Representations: From 
Points to Implicit Surface Functions

138

𝒏

𝑝

𝑥

Slide adapted from  L. Guibas

Simplest method:

• Given a point 𝑥 in space, find nearest 
point 𝑝 in the point cloud

• The signed distance 𝑓 𝑥 = (𝑥 − 𝑝)⊺𝒏

How to obtain surface normal 𝑛?



Estimate Surface Normals from Points

139Slide credit L. Guibas



Estimate Surface Normals from Points

140Slide credit L. Guibas



Estimate Surface Normals from Points

141

𝒏𝑜𝑝𝑡 = arg min
𝒏 =1

෍

𝑖=1

𝑘

((𝑝𝑖 − 𝑃)⊺𝒏)2

= argmin
𝒏

෍

𝑖=1

𝑘

((𝑝𝑖 − 𝑃)⊺𝒏)2 − 𝜆𝒏⊺𝒏

⇒
𝜕

𝜕𝒏
෍

𝑖=1

𝑘

((𝑝𝑖 − 𝑃)⊺𝒏)2 − 𝜆
𝜕

𝜕𝒏
𝒏⊺𝒏 = 𝟎

⇒෍

𝑖=1

𝑘

2(𝑝𝑖 − 𝑃)(𝑝𝑖 − 𝑃)⊺𝒏 = 2𝜆𝒏 ⇒ 𝐶𝒏 = 𝜆𝒏

𝐶: the covariance matrix around 𝑃

𝒏: the eigen vector of 𝐶



Estimate Surface Normals from Points

142

𝒏𝑜𝑝𝑡 = arg min
𝒏 =1

෍

𝑖=1

𝑘

((𝑝𝑖 − 𝑃)⊺𝒏)2 = arg min
𝒏 =1

𝒏⊺𝐶𝒏

= argmin
𝒏

෍

𝑖=1

𝑘

((𝑝𝑖 − 𝑃)⊺𝒏)2 − 𝜆𝒏⊺𝒏

⇒
𝜕

𝜕𝒏
෍

𝑖=1

𝑘

((𝑝𝑖 − 𝑃)⊺𝒏)2 − 𝜆
𝜕

𝜕𝒏
𝒏⊺𝒏 = 𝟎

⇒෍

𝑖=1

𝑘

2(𝑝𝑖 − 𝑃)(𝑝𝑖 − 𝑃)⊺𝒏 = 2𝜆𝒏 ⇒ 𝐶𝒏 = 𝜆𝒏

𝐶: the covariance matrix around 𝑃

𝒏: the eigen vector corresponding 

to the smallest eigen value of 𝐶



Estimate Surface Normals from Points

143Slide credit L. Guibas



Conversion Across Representations: From 
Points to Implicit Surface Functions

144

𝒏

𝑝

𝑥

Slide adapted from  L. Guibas

Simplest method:

• Given a point 𝑥 in space, find nearest 
point 𝑝 in the point cloud

• The signed distance 𝑓 𝑥 = (𝑥 − 𝑝)⊺𝒏

(obtain surface normals from local 
covariance matrix)

• Need consistently oriented normals. 
In general, difficult problem, but can 
try to locally connect points and fix 
orientations



Signed Distance Function from Points and 
Normals

145Slide credit L. Guibas



Other Ideas? Poisson Reconstruction

146Slide credit S. Tulsiani



Poisson Reconstruction

147Slide credit S. Tulsiani



148Slide credit S. Tulsiani

This is still an open 
research problem!



Idea? Converting Points to Implicit Surface Functions
Converting Implicit Surface Functions to Meshes

149Slide credit S. Tulsiani

?

Sampling

Poisson reconstruction / distance to local tangent plane …



Conversion Across Representations: From 
Implicit Surface Function to Discrete Map

150Image credit L. Guibas



We Can Apply the Marching Cubes Method to 
Convert Implicit Surface Function to Meshes

151Image credit L. Guibas



152Slide credit S. Tulsiani

Sampling

Interpolation

Marching Cubes

Sampling

Marching 
Cubes

Poisson reconstruction / distance to local tangent plane …



Summary

153

DUSt3R

Structure from Motion

3D Representations

Conversion between 3D Representations



• Rendering and 3D scene reconstruction

What We Will Cover Next Week

154
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