
Embodied Vision

Tsung-Wei Ke

Rendering and 3D Scene Reconstruction

Spring 2026

1



• This lecture borrows contents heavily from

➢ Learning for 3D Vision by Shubam Tulsiani at CMU

➢ Image Synthesis Techniques by Kayvon Fatahalian, Doug James and 
Matt Pharr at Stanford

➢ Computer Graphics and Imaging by Ren Ng at UC Berekely

➢ Machine Learning for Inverse Graphics by Vincent Sitzmann at MIT

Disclaimer
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https://learning3d.github.io/schedule.html
https://gfxcourses.stanford.edu/cs348b/spring22/
https://cs184.eecs.berkeley.edu/sp25/
Machine%20Learning%20for%20Inverse%20Graphics
Machine%20Learning%20for%20Inverse%20Graphics


Recap
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DUSt3R

Structure from Motion

3D Representations

Conversion between 3D Representations



• Light Sources

• Light Measurement

• A mathematical model for image rendering

• Volume Rendering

➢Voxel

➢Nerf

➢Gaussian Splatting

Content
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• Light Sources

• Light Measurement

• A mathematical model for image rendering

• Volume Rendering

➢Voxel

➢Nerf

➢Gaussian Splatting

Content
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We Know How to Model the 3D World, Let’s 
Revisit Image Formation
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Recap: 2D Image Formation from the 3D World--A 
simplified model of photometric image formation

Image source S. Seitz text book7
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Absorption: Light Gets Absorbed when 
Traveling In a Medium



Image source Walt Disney Animation Studios9

Low density smoke High density smoke

Absorption: Light Gets Absorbed when 
Traveling In a Medium



Image source https://www.bbc.com/future/article/20151221-the-
lethal-effects-of-london-fog10

Absorption: Light Gets Absorbed when 
Traveling In a Medium
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Absorption: Light Gets Absorbed when 
Traveling In a Medium

Slide credit S. Tulsiani
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Emission: The Medium Emits Light



Slide credit S. Tulsiani13

Emission: The Medium Emits Light
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Scattering: Light Along the Ray Comes from 
Different Source



Image source K. Fatahalian, D. James and M. Pharr15

Scattering: Light Along the Ray Comes from 
Different Source



Image source K. Fatahalian, D. James and M. Pharr16

Scattering: Light Along the Ray Comes from 
Different Source



Image source K. Fatahalian, D. James and M. Pharr17

Surface Reflection Oversimplifies Image Formation 



• Light Sources

• Light Measurement

• A mathematical model for image rendering

• Volume Rendering

➢Voxel

➢Nerf

➢Gaussian Splatting

Content
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Let’s Derive the Mathematical Model 
for Image Rendering



Slide credit R. Ng 20

How to Measure Light?



Slide credit R. Ng 21

Different Types of Light Measurements



Slide credit K. Fatahalian, D. James and M. Pharr 22

Radiant Intensity: The Power Per Unit Solid 
Angle Emanating from a Point Source

Radiant intensity:

I ω ≡
𝑑Φ

𝑑ω Φ : the radiant energy emitted, reflected, 
transmitted and received per unit time
ω: solid angle



Slide credit K. Fatahalian, D. James and M. Pharr 23

Radiant Intensity: The Power Per Unit Solid 
Angle Emanating from a Point Source

Image source 
https://www.jensign.com/LEDIntensity

Radiant intensity:

I ω ≡
𝑑Φ

𝑑ω



Slide credit K. Fatahalian, D. James and M. Pharr 24

Solid Angle



Slide credit K. Fatahalian, D. James and M. Pharr 25

Infinitesimal Solid Angle

𝑑𝐴 = 𝑟𝑑𝜃 𝑟 sin𝜃 𝑑𝜙
= 𝑟2 sin𝜃 𝑑𝜃𝑑𝜙

Infinitesimal solid angle:

𝑑𝜔 =
𝑑𝐴

𝑟2
= sin𝜃 𝑑𝜃𝑑𝜙

Total solid angle:

Ω = ර

𝑆2

𝑑𝜔 = න
0

𝜋

න
0

2𝜋

sin𝜃 𝑑𝜃𝑑𝜙

= න
−1

1

න
0

2𝜋

𝑑 cos 𝜃 𝑑𝜙 = 4𝜋

𝑟𝑑𝜃
𝑟 sin𝜃 𝑑𝜙



Slide credit K. Fatahalian, D. James and M. Pharr 26

Isotropic Point Source



Slide adapted from K. Fatahalian, D. James and M. Pharr 27

Irradiance: The Power Per Unit Area Incident on 
a Surface

𝐴′

Irradiance

E 𝑥 ≡
𝑑Φ

𝑑𝐴

𝐴 = 𝐴′ cos 𝜃
𝐸′ = 𝐸 cos 𝜃

𝐴

𝜃



Slide credit R. Ng 28



Slide credit R. Ng 29

Radiance: The Power Per Unit Area Per Unit Solid Angle 
Leaving/Received by a Surface

• Radiance

L 𝑥, 𝜔 ≡
𝑑𝐼 𝑥, 𝜔

𝑑𝐴⊥
=

𝑑2Φ 𝑥,𝜔

𝑑𝜔𝑑𝐴 cos 𝜃

• For geometric optics, the fundamental 
carrier of light is a ray

• The amount of light traveling along a ray is 
radiance



Slide credit R. Ng 30

Incident Surface Radiance

𝐿𝑖 𝑥, 𝜔 ≡
𝑑𝐸 𝑥, 𝜔

𝑑𝜔 cos 𝜃

Exiting Surface Radiance

𝐿𝑜 𝑥, 𝜔 ≡
𝑑𝐼 𝑥, 𝜔

𝑑𝐴 cos 𝜃



Slide credit R. Ng 31

Irradiance from the Environment



Slide credit R. Ng 32

Irradiance from the Environment
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Light Field

𝜔

𝜔

𝑥

𝑧 • Definition: The field radiance 
(luminance) at a point in space in a 
given direction is the power per unit 
solid angle per unit area 
perpendicular to the direction



• Light Sources

• Light Measurement

• A mathematical model for image rendering

• Volume Rendering

➢Voxel

➢Nerf

➢Gaussian Splatting

Content
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Slide credit R. Ng 35

Capture the Light Field and Reconstruct the Scene
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Volume Rendering from Multi-View Images

Direct Voxel Grid Optimization: Super-fast Convergence for Radiance 
Fields Reconstruction. Sun et al.
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Volume Rendering vs. Multi-View Stereo

• Multi-view stereo obtains 
3D by correspondence

• Volume rending obtains 3D 
by modeling reception of 
light



Slide credit S. Tulsiani38

Volume Rendering a Ray

How much light is lost/gained along the differential 
beam due to interactions of light with the medium?

How does 𝐿 𝑥,𝜔 vary along a ray?
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Absorption

𝑑𝑧

𝐿 𝑥, 𝜔 𝐿 𝑥, 𝜔 + 𝑑𝐿
𝑥

𝑑𝐿 𝑥, 𝜔 = −𝜎𝑎 𝑥 𝐿 𝑥, 𝜔 𝑑𝑧

Absorption across section 𝜎𝑎 :
• Probability of being absorbed per unit length
• Units: 1 / distance

Slide credit K. Fatahalian, D. James and M. Pharr
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Emission

𝑑𝑧

𝐿 𝑥, 𝜔 𝐿 𝑥, 𝜔 + 𝑑𝐿
𝑥

𝑑𝐿 𝑥, 𝜔 = 𝜎𝑎 𝑥 𝐿𝑒 𝑥, 𝜔 𝑑𝑧

Emission across section 𝜎𝑎 :
• Probability of emitting light per unit length
• Units: 1 / distance

Slide credit K. Fatahalian, D. James and M. Pharr
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Out Scattering

𝑑𝑧

𝐿 𝑥, 𝜔 𝐿 𝑥, 𝜔 + 𝑑𝐿
𝑥

𝑑𝐿 𝑥, 𝜔 = −𝜎𝑠 𝑥 𝐿 𝑥, 𝜔 𝑑𝑧

Scattering across section 𝜎𝑠 :
• Probability of being scattered per unit length
• Units: 1 / distance

Slide credit K. Fatahalian, D. James and M. Pharr Image source Wikipedia
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In Scattering

𝑑𝐿 𝑥, 𝜔 = 𝜎𝑠 𝑥 𝐿𝑠 𝑥, 𝜔 𝑑𝑧

Scattering across section 𝜎𝑠 :
• Probability of gathering scattered light per unit 

length
• Units: 1 / distance

Slide credit K. Fatahalian, D. James and M. Pharr Image source Wikipedia

𝑑𝑧

𝐿 𝑥, 𝜔 𝐿 𝑥, 𝜔 + 𝑑𝐿
𝑥

𝐿𝑠 𝑥, 𝜔 = න

𝑆2

𝑝 𝜔′ → 𝜔 𝐿𝑖 𝑥, 𝜔
′ 𝑑𝜔′

Where 𝑝 𝜔′ → 𝜔 denotes the phase function and 
𝐿𝑖 𝑥, 𝜔 also depend on other scattered light



43

Radiative Transfer Equation

𝑑𝑧

𝐿 𝑥, 𝜔 𝐿 𝑥, 𝜔 + 𝑑𝐿
𝑥

𝑑𝐿 𝑥, 𝜔 = −𝜎𝑎 𝑥 𝐿 𝑥, 𝜔 𝑑𝑧 − 𝜎𝑠 𝑥 𝐿 𝑥, 𝜔 𝑑𝑧 + 𝜎𝑎 𝑥 𝐿𝑒 𝑥, 𝜔 𝑑𝑧 + 𝜎𝑠 𝑥 𝐿𝑠 𝑥, 𝜔 𝑑𝑧

Absorption Out 
scattering

Emission In 
scattering
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Radiative Transfer Equation

𝑑𝑧

𝐿 𝑥, 𝜔 𝐿 𝑥, 𝜔 + 𝑑𝐿
𝑥

𝑑𝐿 𝑥, 𝜔 = −𝜎𝑎 𝑥 𝐿 𝑥, 𝜔 𝑑𝑧 − 𝜎𝑠 𝑥 𝐿 𝑥, 𝜔 𝑑𝑧 + 𝜎𝑎 𝑥 𝐿𝑒 𝑥, 𝜔 𝑑𝑧 + 𝜎𝑠 𝑥 𝐿𝑠 𝑥, 𝜔 𝑑𝑧

= −𝜎𝑎 𝑥 𝐿 𝑥, 𝜔 𝑑𝑧 + 𝜎𝑎 𝑥 𝐿′ 𝑥, 𝜔 𝑑𝑧

= 𝜎 𝑥 𝐿′ 𝑥, 𝜔 − 𝐿 𝑥, 𝜔 𝑑𝑧

𝐿′ 𝑥, 𝜔 = 𝐿𝑒 𝑥, 𝜔 +
𝜎𝑠
𝜎𝑎

𝐿𝑠 𝑥, 𝜔 − 𝐿 𝑥, 𝜔
• Model absorption-only case
• Allow emission
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Absorption-only Volume Rendering 

• Volume rendering in a heterogeneous medium:

𝑑𝐿 𝑥, 𝜔 = −𝜎 𝑥 𝐿 𝑥, 𝜔 𝑑𝑧 ⇒ 𝐿 𝑥0 + 𝜔𝑧,𝜔 = 𝑒− 𝑡=0׬
𝑧

𝜎 𝑥+𝜔𝑡 𝑑𝑡𝐿 𝑥0, 𝜔

• Homogeneous medium: 𝜎 𝑥 = 𝜎
• Volume rendering in a homogeneous medium:

𝑑𝐿 𝑥, 𝜔 = −𝜎𝐿 𝑥, 𝜔 𝑑𝑧 ⇒ 𝐿 𝑥0 + 𝜔𝑧,𝜔 = 𝑒−𝜎𝑧𝐿 𝑥0, 𝜔
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Transmittance

Slide credit S. Tulsiani



47

Volume Rendering

e.g. Background light

𝑥0

𝑥𝑧

𝐿 𝑥, 𝜔 = 𝑇 𝑥0, 𝑥𝑧 𝐿 𝑥𝑧 , 𝜔

𝑇
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Volume Rendering

e.g. Background light

e.g. emission 
from object

𝑥0

𝑥𝑧

𝐿 𝑥, 𝜔 = 𝑇 𝑥0, 𝑥𝑧 𝐿 𝑥𝑧 , 𝜔

+න
0

𝑧

𝑇 𝑥0, 𝑥𝑡 𝜎𝑡𝐿𝑒 𝑥𝑡 , 𝜔 𝑑𝑡

𝑇
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Volume Rendering in a Homogeneous Emitting Medium

e.g. Background light

e.g. emission 
from object

𝑥0

𝑥𝑧

𝑇

𝐿 𝑥, 𝜔 = 𝑒−𝜎𝑧𝐿 𝑥𝑧, 𝜔 +න
0

𝑧

𝑒−𝜎𝑡𝜎𝐿𝑒 𝑥𝑡 , 𝜔 𝑑𝑡

Homogeneous emitting medium:
𝐶 ≡ 𝐿𝑒 𝑥𝑡 , 𝜔

𝑇 𝑥, 𝑦 = 𝑒−𝜎 𝑥−𝑦
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Volume Rendering in a Homogeneous Emitting Medium

e.g. Background light

e.g. emission 
from object

𝑥0

𝑥𝑧𝐿 𝑥, 𝜔 = 𝑒−𝜎𝑧𝐿 𝑥𝑧, 𝜔 +න
0

𝑧

𝑒−𝜎𝑡𝜎𝐿𝑒 𝑥𝑡 , 𝜔 𝑑𝑡

= 𝑒−𝜎𝑧𝐿 𝑥𝑧 , 𝜔 +න
0

𝑧

𝑒−𝜎𝑡𝜎𝐶𝑑𝑡

= 𝑒−𝜎𝑧𝐿 𝑥𝑧 , 𝜔 + 1 − 𝑒−𝜎𝑧 𝐶

𝑇

න 𝜆𝑒−𝜆𝑥𝑑𝑥 = −𝑒𝜆𝑥 + 𝑐

Homogeneous emitting medium:
𝐶 ≡ 𝐿𝑒 𝑥𝑡 , 𝜔

𝑇 𝑥, 𝑦 = 𝑒−𝜎 𝑥−𝑦
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Volume Rendering in a Heterogeneous Medium

e.g. Background light

e.g. emission 
from object

𝑥0

𝑥𝑧

𝐿 𝑥, 𝜔 = 𝑇 𝑥0, 𝑥𝑧 𝐿 𝑥𝑧 , 𝜔

+න
0

𝑧

𝑇 𝑥0, 𝑥𝑡 𝜎𝑡𝐿𝑒 𝑥𝑡 , 𝜔 𝑑𝑡

𝑇

Very difficult to solve!
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Let’s Ignore Background Light But Emission from the 
Medium

𝑥0

𝑥𝑧

𝐿 𝑥, 𝜔 = න
0

𝑧

𝑇 𝑥0, 𝑥𝑡 𝜎𝑡𝐿𝑒 𝑥𝑡 , 𝜔 𝑑𝑡

≈෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛𝑡𝑖+1
𝑡𝑖

𝑇

Δ𝑡

𝑥𝑡𝑖

Approximate with 
discrete sum
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Let’s Ignore Background Light But Emission from the 
Medium

𝑥0

𝑥𝑧

𝐿 𝑥, 𝜔 ≈෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒𝑡𝑖+1
𝑡𝑖

=෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 1 − 𝑒−𝜎𝑡𝑖∆𝑡 𝐿𝑒 𝑥𝑡𝑖 , 𝜔

𝑇
𝑥𝑡𝑖

Assume a homogeneous emitting 
medium between 𝑡𝑖 and 𝑡𝑖+1

Δ𝑡
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Let’s Ignore Background Light But Emission from the 
Medium

𝑥0

𝑥𝑧

𝐿 𝑥, 𝜔 ≈෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 𝑟𝑎𝑑𝑖𝑎𝑛𝑐𝑒𝑡𝑖+1
𝑡𝑖

=෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 1 − 𝑒−𝜎𝑡𝑖∆𝑡 𝐿𝑒 𝑥𝑡𝑖 , 𝜔

𝑇
𝑥𝑡𝑖

Assume a homogeneous emitting 
medium between 𝑡𝑖 and 𝑡𝑖+1

This is unclear

Δ𝑡
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𝑇 𝑥0, 𝑥𝑡𝑖 = 𝑒− 0׬
𝑡𝑖 𝜎𝑡𝑑𝑡 = 𝑒− 0׬

𝑡𝑖−1 𝜎𝑡𝑑𝑡𝑒
− 𝑡𝑖−1׬

𝑡𝑖 𝜎𝑡𝑑𝑡 = 𝑇 𝑥0, 𝑥𝑡𝑖−1 𝑒
−𝜎𝑡𝑖−1∆𝑡

𝑥0

𝑥𝑧

𝑇
𝑥𝑡𝑖

𝐿 𝑥, 𝜔 ≈෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 1 − 𝑒−𝜎𝑡𝑖∆𝑡 𝐿𝑒 𝑥𝑡𝑖 , 𝜔

Let’s Ignore Background Light But Emission from the 
Medium

Δ𝑡
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Volume Rendering in a Homogeneous Emitting Medium

e.g. Background light

e.g. emission 
from object

𝑥0

𝑥𝑧

𝑇

𝑇 𝑥0, 𝑥𝑡𝑖 = 𝑒− 0׬
𝑡𝑖 𝜎𝑡𝑑𝑡 = 𝑒− 0׬

𝑡𝑖−1 𝜎𝑡𝑑𝑡𝑒
− 𝑡𝑖−1׬

𝑡𝑖 𝜎𝑡𝑑𝑡 = 𝑇 𝑥0, 𝑥𝑡𝑖−1 𝑒
−𝜎𝑡𝑖−1∆𝑡

𝐿 𝑥, 𝜔 ≈෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 1 − 𝑒−𝜎𝑡𝑖∆𝑡 𝐿𝑒 𝑥𝑡𝑖 , 𝜔 + 𝑇 𝑥0, 𝑥𝑡𝑁+1 𝐿 𝑥𝑧 , 𝜔
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Computational Volume Rendering: Ray Marching

𝐿 𝑥, 𝜔 ≈෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 1 − 𝑒−𝜎𝑡𝑖∆𝑡 𝐿𝑒 𝑥𝑡𝑖 , 𝜔

𝑇 𝑥0, 𝑥𝑡𝑖 = 𝑇 𝑥0, 𝑥𝑡𝑖−1 𝑒−𝜎𝑡𝑖−1∆𝑡

• We can render any ray through the 
medium, if we know at each point 𝑡𝑖:

➢ Absorption coefficient 𝜎𝑡𝑖

➢ Emitted light 𝐿𝑒 𝑥𝑡𝑖 , 𝜔
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How to Render Volumes from Multi-View Images?

Direct Voxel Grid Optimization: Super-fast Convergence for Radiance 
Fields Reconstruction. Sun et al.

• Given a set of multi-view images, we 
want to learn at each point:

➢ Opacity (Absorption coefficient 𝜎𝑡𝑖)

➢ Color (Emitted light 𝐿𝑒 𝑥𝑡𝑖 , 𝜔 )

• Loss: image reconstruction
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How to Render Volumes from Multi-View Images?

𝑇

• Opacity 𝜎𝑡𝑖

• Color 𝐶 𝑥𝑡𝑖 , 𝜔

𝐶 𝑥, 𝜔 ≈෍

𝑖=1

𝑁

𝑇 𝑥0, 𝑥𝑡𝑖 1 − 𝑒−𝜎𝑡𝑖∆𝑡 𝐶 𝑥𝑡𝑖 , 𝜔 , where 𝑇 𝑥0, 𝑥𝑡𝑖 = 𝑇 𝑥0, 𝑥𝑡𝑖−1 𝑒−𝜎𝑡𝑖−1∆𝑡

Learning objective: min
𝜎𝑡𝑖 ,𝐶 𝑥𝑡𝑖 ,𝜔

𝐶 𝑥, 𝜔 − g.t.
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How to Render Volumes from Multi-View Images?

𝑇

• Opacity 𝜎𝑖

• Color 𝐶𝑖

𝐶 𝑥, 𝜔 ≈෍

𝑖=1

𝑁

ෑ

𝑗=1

𝑖−1

𝑒−𝜎𝑗∆𝑡𝑗 1 − 𝑒−𝜎𝑖∆𝑡𝑖 𝐶𝑖

Learning objective: min
𝜎𝑡𝑖 ,𝐶𝑖

𝐶 𝑥, 𝜔 − g.t.

Δ𝑡𝑖

𝑇𝑖 𝛼𝑖
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What is the Representation of Volume?

𝑓𝜃 radiance

Voxel Primitive shape

Neural network



• Light Sources

• Light Measurement

• A mathematical model for image rendering

• Volume Rendering

➢Voxel

➢Nerf

➢Gaussian Splatting

Content
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Volume Rendering with Voxel Grid

Plenoxels: Radiance Fields without Neural Networks.  Yu et al.

Rgb color
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Storing RGB Color Cannot Handle View-
Dependent Effect

View-Dependent Effects for 360◦ Virtual Reality Video. Hartmann et al.
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Volume Rendering with Voxel Grid

Plenoxels: Radiance Fields without Neural Networks.  Yu et al.
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Spherical Harmonics Model View-Dependent Lighting

Video source: Wikipedia PlenOctrees for Real-time Rendering of Neural Radiance Fields.  Yu et al.

𝑙 = 0

𝑙 = 4

𝑚 = 0 𝑚 = 𝑙

𝑌𝑚
𝑙 𝜃, 𝜙

• For each channel in RGB:
➢ Predict coefficients 𝒌 = 𝑘𝑙

𝑚
𝑙,𝑚

➢ Decide the lighting

where 𝑆 denotes sigmoid function
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Spherical Harmonics Model View-Dependent Effect

Spherical Harmonic Lighting: The Gritty Details.  Green et al.

𝑃𝑙
𝑚 denotes the associated Legendre polynomials
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Spherical Harmonics Model View-Dependent Effect

Plenoxels: Radiance Fields without Neural Networks.  Yu et al.



• Light Sources

• Light Measurement

• A mathematical model for image rendering

• Volume Rendering

➢Voxel

➢Nerf

➢Gaussian Splatting

Content
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NEural Radiance Field (NERF)

NeRF: Representing Scenes as Neural Radiance Fields for 
View Synthesis. Mildenhall et al.

• Use a neural network 𝑓𝜃 to predict at 
each point 𝑥 and view direction 𝜔:

➢ Opacity 𝜎

➢ Color𝑐
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NEural Radiance Field (NERF)

NeRF: Representing Scenes as Neural Radiance Fields for 
View Synthesis. Mildenhall et al.

• Use a neural network 𝑓𝜃 to predict at 
each point 𝑥 and view direction 𝜔:

➢ Opacity 𝜎

➢ Color𝑐
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Problem 1: The Network Takes Inputs as 𝑥,𝜔
Coordinates Fails to Capture High-Frequency Features

Fourier Features Let Networks Learn
High Frequency Functions in Low Dimensional Domains.  Tancik et al.

• Use a neural network 𝑓𝜃 to predict at 
each point 𝑥 and view direction 𝜔:

➢ Opacity 𝜎

➢ Color𝑐
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Solution: Maps as 𝑥, 𝜔 Coordinates to High-
Dimensional Feature Space

Fourier Features Let Networks Learn
High Frequency Functions in Low Dimensional Domains.  Tancik et al.

• Use a neural network 𝑓𝜃 to predict at 
each point 𝑥 and view direction 𝜔:

➢ Opacity 𝜎

➢ Color𝑐

𝛾

𝛾 𝑣 = [sin 𝑣 , cos 𝑣 , sin 2𝑣 , cos 2𝑣 ,⋯ ]



Solution: Maps as 𝑥, 𝜔 Coordinates to High-
Dimensional Feature Space

Fourier Features Let Networks Learn
High Frequency Functions in Low Dimensional Domains.  Tancik et al.76



Problem 2: Uniform Sampling Points Along a Ray 
Ignores Regions with Fine Details

Slide credit S. Tulsiani77



Solution: Hierarchically Sampling Points Along a Ray 
Based on the Opacity

Slide credit S. Tulsiani78
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NeRF: Representing Scenes as Neural Radiance Fields for 

View Synthesis. Mildenhall et al.

NERF Captures View-Dependent Effect
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NeRF: Representing Scenes as Neural Radiance Fields for 

View Synthesis. Mildenhall et al.

NERF Decouples View Direction and Position



• Light Sources

• Light Measurement

• A mathematical model for image rendering

• Volume Rendering

➢Voxel

➢Nerf

➢Gaussian Splatting

Content
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NERF is Slow…

3D Gaussian Splatting for Real-Time Radiance Field 
Rendering. Kerbl et al.82



A New Approach for Real-time Rendering

3D Gaussian Splatting for Real-Time Radiance Field 
Rendering. Kerbl et al.83



Slide adapted from V. Sitzmann84

Key Idea: Parameterize Radiance Field Sparsely,
Only where Density is Nonzero

𝜎 = 0

𝜎 = 0.5
RGB: 

𝜎 = 1.0
RGB:

Mean: 𝜇
Covariance: 𝑉

Mean: 𝜇
Covariance: 𝑉

Mean: 𝜇
Covariance: 𝑉



Volume Rendering with 3D Gaussian Splatting
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PhysGaussian: Physics-Integrated 3D 

Gaussians for Generative Dynamics. Xie et 
al.  CVPR 2024



Slide adapted from V. Sitzmann86

How to Render?
Same Volume Rendering Integral!



Slide adapted from V. Sitzmann87

Volume Rendering Integral Samples Many 
Points from Empty Space, which is Slow

We know these points are empty, 
no need for sampling



Slide adapted from V. Sitzmann88

Can We Render from 3D Gaussians Smartly? 
Yes! Project 3D Gaussians to 2D

We know these points are empty, 
no need for sampling



Differentiable Surface Splatting for Point-based Geometry 
Processing.  Yifan et al.89

Idea: Solve Image Rendering by Looking Up 2D Gaussians

𝜌𝑘(𝑥): weightings derived 
from 2D Gaussian at pixel 𝑥
𝑤𝑘: point attributes (e.g. 
opacity) at pixel 𝑥
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Gaussians are Closed Under Integrals 

• Integrate along 𝑥2 axis with fixed 𝑥0, 𝑥1

න
𝕀ℝ

𝒢𝑉
3 𝑥 − 𝑝 𝑑𝑥2 = 𝒢෡𝑉

2 ො𝑥 − Ƹ𝑝

• Integrate along 𝑥2 axis with fixed 𝑥0, 𝑥1

3D Gaussian 2D Gaussian

𝑉 =
𝑎 𝑏 𝑐
𝑏 𝑑 𝑒
𝑐 𝑒 𝑓

⇔ ෠𝑉 =
𝑎 𝑏
𝑏 𝑑

𝑥 =

𝑥0
𝑥1
𝑥2

⇔ ො𝑥 =
𝑥0
𝑥1

(𝑥0, 𝑥1) (𝑥0, 𝑥1)
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Gaussians are Closed Under Integrals 

• Integrate along 𝑥2 axis with fixed 𝑥0, 𝑥1

න
𝕀ℝ

𝒢𝑉
3 𝑥 − 𝑝 𝑑𝑥2 = 𝒢෡𝑉

2 ො𝑥 − Ƹ𝑝

• Different rays have different axes
• How to define a space that describe 

each ray with 𝑥0, 𝑥1, 𝑥2 ?

3D Gaussian 2D Gaussian

𝑉 =
𝑎 𝑏 𝑐
𝑏 𝑑 𝑒
𝑐 𝑒 𝑓

⇔ ෠𝑉 =
𝑎 𝑏
𝑏 𝑑

𝑥 =

𝑥0
𝑥1
𝑥2

⇔ ො𝑥 =
𝑥0
𝑥1

(𝑥0
𝑏 , 𝑥1

𝑏 )
(𝑥0

𝑎 , 𝑥1
𝑎 )
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Camera Space vs. Ray Space

• In the camera 3D space, a point is 
described by (𝑋, 𝑌, 𝑍) position with the 
camera coordinate frame

• Each point along a ray can be described as 
𝑢0, 𝑢1, 𝑢2

• When 𝑢2 = 1, 𝑢0, 𝑢1 denotes the 
intersecting point on the camera plane

• In the ray space space, a ray is described 
by 𝑥0, 𝑥1, 𝑥2

• 𝑥0, 𝑥1 denotes the pixel location
• 𝑥2 describes the extent of the ray

𝑢0, 𝑢1, 𝑢2𝑢0
𝑢2
,
𝑢1
𝑢0
, 1 𝑥0, 𝑥1, 𝑥2𝑥0, 𝑥1, 𝑥2

′
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Distorting the Camera 3D Space into Ray Space

• In the camera 3D space, a point is 
described by (𝑋, 𝑌, 𝑍) position with the 
camera coordinate frame

• Each point along a ray can be described as 
𝑢0, 𝑢1, 𝑢2

• When 𝑢2 = 1, 𝑢0, 𝑢1 denotes the 
intersecting point on the camera plane

• In the ray space space, a ray is described 
by 𝑥0, 𝑥1, 𝑥2

• 𝑥0, 𝑥1 denotes the pixel location
• 𝑥2 describes the extent of the ray

Different rays have different levels of distortion
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• Integrate along 𝑥2 axis with fixed 𝑥0, 𝑥1

න
𝕀ℝ

𝒢𝑉
3 𝑥 − 𝑝 𝑑𝑥2 = 𝒢෡𝑉

2 ො𝑥 − Ƹ𝑝

• Integrate along 𝑥2 axis in the Ray space: 
we have the same 𝑥0, 𝑥1 along the ray!

• Integrals of 3D Gaussians along the 
𝑥2 axis in the Ray Space are Equivalent to 
2D Gaussians at 𝑥0, 𝑥1

3D Gaussian 2D Gaussian

(𝑥0
𝑏 , 𝑥1

𝑏 )
(𝑥0

𝑎 , 𝑥1
𝑎 )

We Can Compute 2D Gaussians on the Image to 
Obtain Integrals of 3D Gaussians in the Ray Space 
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However, 3D Gaussians are in the World Frame

3D Gaussians in the 3D 
World Space

3D Gaussians in the Ray 
Space

3D Gaussians in the 3D 
Camera Space

2D Gaussians in the Ray 
Space

? ?

න
𝕀ℝ

𝒢𝑉
3 𝑥 − 𝑝 𝑑𝑥2 = 𝒢෡𝑉

2 ො𝑥 − Ƹ𝑝

• What is missing: describe 3D Gaussians from different 3D space



Slide adapted from V. Sitzmann96

Gaussians are Closed Under Affine Transforms 

𝒢𝑉 𝑥 − 𝑝 =
1

2𝜋 𝑉
1
2

𝑒−
1
2
𝑥−𝑝 ⊺𝑉−1 𝑥−𝑝

• With affine mapping 𝜙 = 𝑀𝑥 + 𝑝 of 
coordinates (such as cam2world matrix)

𝒢𝑉 𝜙−1 𝑢 − 𝑝 = 1
𝑀−1 𝒢𝑀𝑉𝑀⊺ 𝑢 − 𝜙 𝑝

3D covariance



Slide adapted from V. Sitzmann97

Step 1: Transform 3D Gaussians from the World 
Coordinates to the Camera Coordinates

• Cam-to-World transformation is affine 
mapping 𝜙 = 𝑊𝒙 + 𝒑:

𝒢𝑉𝑘
′′ 𝜙−1 𝒖 − 𝑡𝑘 = 1

𝑊−1 𝒢𝑉𝑘
′ 𝒖 − 𝒖𝑘
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However, 3D Gaussians are in the World Frame

3D Gaussians in the 3D 
World Space

3D Gaussians in the Ray 
Space

3D Gaussians in the 3D 
Camera Space

2D Gaussians in the Ray 
Space

?

න
𝕀ℝ

𝒢𝑉
3 𝑥 − 𝑝 𝑑𝑥2 = 𝒢෡𝑉

2 ො𝑥 − Ƹ𝑝

𝒢𝑉𝑘
′′ 𝜙−1 𝒖 − 𝑡𝑘

= 1
𝑊−1 𝒢𝑉𝑘

′ 𝒖 − 𝒖𝑘
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Step 2: Convert 3D Camera Space to Ray Space

• Ray space 𝒙 =

𝑥0
𝑥1
𝑥2

: Given a center of projection 

and a projection plane, 𝑥0, 𝑥1 specifies the 
intersecting points of a ray on the plane; 𝑥2
specifies the Euclidean distance from the center 
of projection to a point on the viewing ray

• Camera space 𝒖 =

𝑢0
𝑢1
𝑢2

: 3D points along the 

same ray in the camera coordinate frame
• The mapping of ray space and camera space is:

𝑥0
𝑥1
𝑥2

= 𝑚 𝒖 =

ൗ
𝑢0

𝑢2

ൗ
𝑢1

𝑢2
𝒖

EWA Splattering.  Zwicker et al.



Slide adapted from V. Sitzmann100

• Projection is not affine mapping

𝑥0
𝑥1
𝑥2

= 𝑚 𝒖 =

ൗ
𝑢0

𝑢2

ൗ
𝑢1

𝑢2
𝒖

• We can approximate with 1st order Taylor Expansion at mean 𝒖𝒌 and 
𝒙𝒌 of two spaces as:

𝑚𝒖𝒌 𝒖 = 𝒙𝒌 + 𝐽𝒖𝒌 ∙ 𝒖 − 𝒖𝒌 , where 𝐽𝒖𝒌 =
𝜕𝑚

𝜕𝒖
𝒖𝒌

Approximate the Mapping Function with Jacobian 𝐽𝒖𝒌

𝑚 𝒖𝒌



Slide adapted from V. Sitzmann101

Approximate the Mapping Function with Jacobian 𝐽𝒖𝒌

• We can approximate with 1st order Taylor Expansion at mean 𝒖𝒌 and 
𝒙𝒌 of two spaces as:

𝑚𝒖𝒌 𝒖 = 𝒙𝒌 + 𝐽𝒖𝒌 ∙ 𝒖 − 𝒖𝒌 , where 𝐽𝒖𝒌 =
𝜕𝑚

𝜕𝒖
𝒖𝒌

• 3D Gaussians in the Ray space:
1

𝑊−1 𝐽−1
𝒢𝑉𝑘 𝒙 − 𝒙𝒌

𝑉𝑘 = 𝐽𝑉𝑘
′𝐽⊺ = 𝐽𝑊𝑉𝑘

′′𝑊⊺𝐽⊺

𝑉𝑘
′′ : covariance matrix in the 3D world space

𝑉𝑘
′ : covariance matrix in the 3D camera space

𝑉𝑘 : covariance matrix in the 3D ray space
𝑊: world to camera transformation matrix
𝐽 : camera space to ray space Jacobian matrix 



Slide adapted from V. Sitzmann102

Putting Everything Together
• We can approximate with 1st order Taylor Expansion at mean 𝒖𝒌 and 
𝒙𝒌 of two spaces as:

𝑚𝒖𝒌 𝒖 = 𝒙𝒌 + 𝐽𝒖𝒌 ∙ 𝒖 − 𝒖𝒌 , where 𝐽𝒖𝒌 =
𝜕𝑚

𝜕𝒖
𝒖𝒌

• 3D Gaussians in the Ray space:
1

𝑊−1 𝐽−1
𝒢𝑉𝑘 𝒙 − 𝒙𝒌

𝑉𝑘 = 𝐽𝑉𝑘
′𝐽⊺ = 𝐽𝑊𝑉𝑘

′′𝑊⊺𝐽⊺

• Integrate along rays:

𝑞𝑘 ෝ𝒙 = න
ℝ

1

𝑊−1 𝐽−1
𝒢𝑉𝑘 ෝ𝒙 − ෞ𝒙𝒌, 𝑥2 − 𝑥𝑘2 𝑑𝑥2 =

1

𝑊−1 𝐽−1
𝒢෡𝑉𝑘 ෝ𝒙 − ෞ𝒙𝒌
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Putting Everything Together

For each 3D Gaussian 𝑘:
• Compute 𝒙𝒌 and 𝒖𝒌

• Compute Jacobian 𝐽𝒖𝒌 =
𝜕𝑚

𝜕𝒖
𝒖𝒌

• Compute new covariance matrix 𝑉𝑘 = 𝐽𝑊𝑉𝑘
′′𝑊⊺𝐽⊺

• Obtain 2D Gaussian 
1

𝑊−1 𝐽−1
𝒢෡𝑉𝑘 ෝ𝒙 −ෞ𝒙𝒌

For 𝑥0, 𝑥1 in all pixel locations:
• Find the set of 3D Gaussian intersected with the 

ray
• Sort the 3D Gaussians by depth
• For each 3D Gaussian 𝑘:

- Retrieve the corresponding 2D Gaussian
- Compute weightings 𝜌𝑘 𝑥0, 𝑥1 based on the 

2D Gaussian
- Compute the opacity 𝜌𝑘 𝑥0, 𝑥1 𝜎𝑘
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However, 3D Gaussians are in the World Frame

3D Gaussians in the 3D 
World Space

3D Gaussians in the Ray 
Space

3D Gaussians in the 3D 
Camera Space

2D Gaussians in the Ray 
Space

න
𝕀ℝ

𝒢𝑉
3 𝑥 − 𝑝 𝑑𝑥2 = 𝒢෡𝑉

2 ො𝑥 − Ƹ𝑝

𝒢𝑉𝑘
′′ 𝜙−1 𝒖 − 𝑡𝑘

= 1
𝑊−1 𝒢𝑉𝑘

′ 𝒖 − 𝒖𝑘

𝒢𝑉𝑘
′′ 𝜙−1 𝒖 − 𝑡𝑘

=
1

𝑊−1 𝐽−1
𝒢𝑉𝑘 𝒙 − 𝒙𝒌
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How to Obtain Jacobian?

EWA Splattering.  Zwicker et al.

• Jacobian 𝐽𝒖𝒌 is given by the derivative of 𝑚 at the point 𝒖𝒌 :

𝐽𝒖𝒌 =
𝜕𝑚

𝜕𝒖
𝒖𝒌 =

1
𝑢𝑘,2

0 −
𝑢𝑘,0

𝑢𝑘,2
2

0
1

𝑢𝑘,2
−
𝑢𝑘,1

𝑢𝑘,2
2

𝑢𝑘,0
𝒖𝒌

𝑢𝑘,1
𝒖𝒌

𝑢𝑘,2
𝒖𝒌
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How to Obtain Jacobian?

EWA Splattering.  Zwicker et al.

• Jacobian 𝐽𝒖𝒌 is given by the derivative of 𝑚 at the point 𝒖𝒌 with focal 

length 𝑓𝑥 , 𝑓𝑦:

𝐽𝒖𝒌 =
𝜕𝑚

𝜕𝒖
𝒖𝒌 =

1
𝑢𝑘,2

𝑓𝑥 0 −
𝑢𝑘,0

𝑢𝑘,2
2 𝑓𝑥

0
1

𝑢𝑘,2
𝑓𝑦 −

𝑢𝑘,1

𝑢𝑘,2
2 𝑓𝑦

𝑢𝑘,0
𝒖𝒌

𝑢𝑘,1
𝒖𝒌

𝑢𝑘,2
𝒖𝒌



Slide credit V. Sitzmann107

For each ray, ignore the non-overlapping 3D 
Gaussians, and sort the rest by ascending 
depth.  Render with the known formulation:
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Problem 1: Local Minima

Initialize the mean of each 3D Gaussian with a 
random position

Initialize the mean of each 3D Gaussian with a 3D 
position reconstructed by Structure from Motion

3D Gaussian Splatting for Real-Time Radiance Field 
Rendering. Kerbl et al.
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Problem 2: Unevenly Distributed 3D Gaussians

3D Gaussian Splatting for Real-Time Radiance Field 
Rendering. Kerbl et al.



110

The Overall Framework of 3D Gaussian Splatting

3D Gaussian Splatting for Real-Time Radiance Field 
Rendering. Kerbl et al.
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Render Scenes with 3D Gaussian Splatting

3D Gaussian Splatting for Real-Time Radiance Field 
Rendering. Kerbl et al.



112

Render Scenes with 3D Gaussian Splatting

3D Gaussian Splatting for Real-Time Radiance Field 
Rendering. Kerbl et al.
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3D Gaussians are Explicit, Facilitating Tracking

Dynamic 3D Gaussians:
Tracking by Persistent Dynamic View Synthesis.  Luiten et al.
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3D Gaussians are Explicit, Facilitating Tracking

Dynamic 3D Gaussians:
Tracking by Persistent Dynamic View Synthesis.  Luiten et al.
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3D Gaussians are Explicit, Easy to Compose

Dynamic 3D Gaussians:
Tracking by Persistent Dynamic View Synthesis.  Luiten et al.
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3D Gaussians are Explicit, Facilitating Physical Modeling

Physically Embodied Gaussian Splatting: A Visually Learnt and Physically 
Grounded 3D Representation for Robotics.  Abou-Chakra et al.



Learn More About Rendering

117



• Modeling in 4D

What We Will Cover Next Week

118
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