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• This lecture borrows contents heavily from

➢ Physics-based Animation by David I.W Levin at University of Toronto

➢ Profounds Physic by Ville Hirvonen

➢ Physics-based Animation of Solids and Fluids by Minchen Li at CMU

• This is an introductory lecture to physical modeling.  Check the 
advanced courses in physic-based simulation for more details.

Disclaimer
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https://github.com/dilevin/CSC417-physics-based-animation?tab=readme-ov-file#helpful-resources
https://github.com/dilevin/CSC417-physics-based-animation?tab=readme-ov-file#helpful-resources
https://github.com/dilevin/CSC417-physics-based-animation?tab=readme-ov-file#helpful-resources
https://profoundphysics.com/
https://www.cs.cmu.edu/~15763-s25/#resources
https://www.cs.cmu.edu/~15763-s25/#resources
https://www.cs.cmu.edu/~15763-s25/#resources
https://www.cs.cmu.edu/~15763-s25/#resources


Recap
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Finite Elements

Mass-Spring System

Time Integration

Position-based Dynamic



• Lagrangian Mechanics

• Incremental Potential Contact Modeling

• Material Point Methods

Content
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Classical Mechanics (Vectorial Mechanics)

• The 1st Law of Motion: Every object will remain 
at rest or in uniform motion in a straight line 
unless compelled to change its state by the 
action of an external force

• The 2nd Law of Motion: റ𝑓 = 𝑚 റ𝑎, where force is 
a property with a magnitude and a direction

• The 3rd Law of Motion: For every action there 
is an equal and opposite reaction

Isaac Newton
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Classical Mechanics (Vectorial Mechanics)

Incremental Potential Contact: Intersection- and Inversion-free Large 
Deformation Dynamics.  Li et al.

• In Newtonian mechanics, we think of 
motion as being a result of different 
forces 

• However, what we care is to describe 
motion and dynamics, and force is just 
one way to describe motion

• Describing motion with force may be 
extremely complex, e.g. collision of 
deformable objects
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What is the Alternative?
Kinetic and Potential Energy

Galileo and the Leaning Tower of Pisa

• Potential energy from gravity:

𝑉 = 𝑚𝑔ℎ

• Kinetic energy of the ball:

𝑇 =
1

2
𝑚𝑣2

• Conservation of energy:

𝑉1 + 𝑇1 = 𝑉2 + 𝑇2

• This is high-school physics

ℎ
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Lagrangian Mechanics

• Idea: Describe motion via energies

• Energy is a property without a direction

• Changes in potential energy induce 
changes of motion

• The Lagrangian: a state of motion at any 
particular point in time, described by the 
kinetic and potential energies 

𝐿 = 𝑇 − 𝑉
Kinetic energy

Potential energy

Joseph-Louis Lagrange
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The Principle of Least Action

• Each trajectory through space and time 
has an “action”

• Action: an integral over time of the 
Lagrangian at each point of the trajectory

𝐴 = න
𝑡1

𝑡2

𝐿 𝑥, ሶ𝑥 𝑑𝑡

• Why does the canon ball move in the 
blue trajectory?

➢ Classical mechanics: 𝐹 = 𝑚𝑔 …

➢ Lagrangian mechanics: it moves in 
such a way that the “action” is 
minimized…
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The Principle of Least Action

• Each trajectory through space and time 
has an “action”

• Action: an integral over time of the 
Lagrangian at each point of the trajectory

𝐴 = න
𝑡1

𝑡2

𝐿 𝑥, ሶ𝑥 𝑑𝑡

• Why does the canon ball move in the 
blue trajectory?

➢ Classical mechanics: 𝐹 = 𝑚𝑔 …

➢ Lagrangian mechanics: it moves in 
such a way that the “action” is 
minimized…

The principle of stationary 
action that uniquely define the 
trajectory a system will take
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The Principle of Stationary Action

https://profoundphysics.com/lagrangian-mechanics-for-beginners/

• Action: an integral over time of the 
Lagrangian at each point of the trajectory

𝐴 = න
𝑡1

𝑡2

𝐿 𝑞, ሶ𝑞 𝑑𝑡

• The principle of stationary action:

𝛿𝐴 = 𝛿 න
𝑡1

𝑡2

𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0

• In fact, 𝐴 can be considered as a functional 
(a function of functions), characterized by 
the path through time and space

• Minimize 𝐴 to find the optimal path
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• The Lagrangian:

𝐿 = 𝑇 − 𝑉

• Euler-Lagrange Equation:

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝒒
=

𝜕𝐿

𝜕𝒒

Kinetic energy

Potential energy

Joseph-Louis Lagrange

Lagrangian Mechanics

There was a typo…
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• The Principle of Least Action:

𝛿 න
𝑡1

𝑡2

𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0 ⇒ න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0

• Where:

න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = න
𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞
𝛿 ሶ𝑞 𝑑𝑡 = න

𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞

𝑑

𝑑𝑡
𝛿𝑞 𝑑𝑡

Derivation of Euler-Lagrange Equation
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• The Principle of Least Action:

𝛿 න
𝑡1

𝑡2

𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0 ⇒ න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0

• Where:

න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = න
𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞
𝛿 ሶ𝑞 𝑑𝑡 = න

𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞

𝑑

𝑑𝑡
𝛿𝑞 𝑑𝑡

Derivation of Euler-Lagrange Equation

𝑑

𝑑𝑡
𝑓 𝑡 𝑔 𝑡 = 𝑔

𝑑𝑓

𝑑𝑡
+ 𝑓

𝑑𝑔

𝑑𝑡
⇒ 𝑓

𝑑𝑔

𝑑𝑡
=

𝑑

𝑑𝑡
𝑓𝑔 − 𝑔

𝑑𝑓

𝑑𝑡
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Derivation of Euler-Lagrange Equation

𝑑

𝑑𝑡
𝑓 𝑡 𝑔 𝑡 = 𝑔

𝑑𝑓

𝑑𝑡
+ 𝑓

𝑑𝑔

𝑑𝑡
⇒ 𝑓

𝑑𝑔

𝑑𝑡
=

𝑑

𝑑𝑡
𝑓𝑔 − 𝑔

𝑑𝑓

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑥

𝑑

𝑑𝑡
𝛿𝑥 =

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑥
𝛿𝑥 − 𝛿𝑥

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑥

• The Principle of Least Action:

𝛿 න
𝑡1

𝑡2

𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0 ⇒ න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0

• Where:

න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = න
𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞
𝛿 ሶ𝑞 𝑑𝑡 = න

𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞

𝑑

𝑑𝑡
𝛿𝑞 𝑑𝑡
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• We have:

න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = න
𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞
𝛿 ሶ𝑞 𝑑𝑡 = න

𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞

𝑑

𝑑𝑡
𝛿𝑞 𝑑𝑡

= න
𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝛿𝑥𝑞 − 𝛿𝑞

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝑑𝑡

= න
𝑡1

𝑡2 𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝛿𝑞 𝑑𝑡 + න

𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 − 𝛿𝑞

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝑑𝑡

= ቚ 𝑡1

𝑡2
𝜕𝐿

𝜕 ሶ𝑞
𝛿𝑞 + න

𝑡1

𝑡2

𝛿𝑞
𝜕𝐿

𝜕𝑞
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝑑𝑡
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• The start and end points of the path should be kept the same when we vary the path
• In other words, the variance in the start and end points should equal zero

𝛿𝑥 𝑡2 = 0 𝛿𝑥 𝑡2 = 0

• We have:

න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = න
𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞
𝛿 ሶ𝑞 𝑑𝑡 = න

𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝜕𝐿

𝜕 ሶ𝑞

𝑑

𝑑𝑡
𝛿𝑞 𝑑𝑡

= න
𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 +

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝛿𝑥𝑞 − 𝛿𝑞

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝑑𝑡

= න
𝑡1

𝑡2 𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝛿𝑞 𝑑𝑡 + න

𝑡1

𝑡2 𝜕𝐿

𝜕𝑞
𝛿𝑞 − 𝛿𝑞

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝑑𝑡

= ቚ 𝑡1

𝑡2
𝜕𝐿

𝜕 ሶ𝑞
𝛿𝑞 + න

𝑡1

𝑡2

𝛿𝑞
𝜕𝐿

𝜕𝑞
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝑑𝑡
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• The Principle of Least Action:

𝛿 න
𝑡1

𝑡2

𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0 ⇒ න
𝑡1

𝑡2

𝛿𝐿 𝑞, ሶ𝑞 𝑑𝑡 = 0 ⇒ න
𝑡1

𝑡2

𝛿𝑞
𝜕𝐿

𝜕𝑞
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
𝑑𝑡 = 0

• For any arbitrary 𝛿𝑥, the integral is always zero, if the integrand is ways 
zero:

𝜕𝐿

𝜕𝑞
−

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞
= 0 ⇒

𝜕𝐿

𝜕𝑞
=

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞

Derivation of Euler-Lagrange Equation
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• The Lagrangian:

𝐿 = 𝑇 − 𝑉

• Euler-Lagrange Equation:

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝒒
=

𝜕𝐿

𝜕𝒒
⇒

𝑑

𝑑𝑡

𝜕𝑇

𝜕 ሶ𝒒
= −

𝜕𝑉

𝜕𝒒
Joseph-Louis Lagrange

Lagrangian Mechanics

Kinetic energy

Potential energy
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Why Lagrangian Mechanics?

• A unified principle for deriving the equations of motions
➢ Rigid bodies
➢ Deformable objects
➢ Fluids
➢ …

• We can re-derive the same equations of motions as the one 
derived by classical mechanics
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Re-derivation of Pendulum Motion

https://profoundphysics.com/lagrangian-mechanics-for-beginners/

• We have: 𝑥 = 𝐿 sin 𝜃 and y = 𝐿 cos 𝜃

• Kinetic energy: 𝑇 =
1

2
𝑚 ሶ𝑥2 + ሶ𝑦2 =

1

2
𝑚 𝐿 ሶ𝜃 cos 𝜃

2
+ 𝐿 ሶ𝜃 𝑠𝑖𝑛 𝜃

2
=

1

2
𝑚𝐿2 ሶ𝜃2

• Potential energy: V = −𝑚𝑔𝐿 cos 𝜃
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Re-derivation of Pendulum Motion

https://profoundphysics.com/lagrangian-mechanics-for-beginners/

• We have: 𝑥 = 𝐿 sin 𝜃 and y = 𝐿 cos 𝜃

• Kinetic energy: 𝑇 =
1

2
𝑚𝐿2 ሶ𝜃2

• Potential energy: V = −𝑚𝑔𝐿 cos 𝜃

• Euler-Lagrange Equation:

𝑑

𝑑𝑡

𝜕𝑇

𝜕 ሶ𝜃
= −

𝜕𝑉

𝜕𝜃

⇒
𝑑

𝑑𝑡

𝜕

𝜕 ሶ𝜃

1

2
𝑚𝐿2 ሶ𝜃2 = −

𝜕

𝜕𝜃
−𝑚𝑔𝐿 cos 𝜃

⇒
𝑑

𝑑𝑡
𝑚𝐿2 ሶ𝜃 = − 𝑚𝑔𝐿 sin 𝜃 ⇒ ሷ𝜃 = −

𝑔

𝐿
sin 𝜃
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Remember Our Simple Spring-Mass System

Slide adapted from D. Levin

• The total force on node 𝑖: 

𝐹𝑖 = ෍

𝑖,𝑗∈ℰ

𝐹𝑖,𝑗
𝑠𝑝𝑟𝑖𝑛𝑔

+ 𝐹𝑖,𝑗
𝑑𝑎𝑠ℎ𝑝𝑜𝑡

+ 𝐹𝑖
𝑒𝑥𝑡

• Another end is attached to the wall: 𝑥𝑗 = 0

• The rest length of the spring is zero: 𝑙𝑖,𝑗 = 0

• Spring force:

𝐹𝑖
𝑠𝑝𝑟𝑖𝑛𝑔

= −𝑘𝑥𝑖 𝑡

• Newton’s second law:

𝐹𝑖 = 𝑚 ሷ𝑥𝑖 𝑡 ⇒ −𝑘𝑥𝑖 𝑡 = 𝑚 ሷ𝑥𝑖 𝑡

2nd order ODE
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Re-derivation of Spring Motion

• Kinetic energy: 𝑇 =
1

2
𝑚 ሶ𝑥2

• Potential energy: V =
1

2
𝑘𝑥2

• Euler-Lagrange Equation:

𝑑

𝑑𝑡

𝜕𝑇

𝜕 ሶ𝑥
= −

𝜕𝑉

𝜕𝑥

⇒
𝑑

𝑑𝑡

𝜕

𝜕 ሶ𝑥

1

2
𝑚 ሶ𝑥2 = −

𝜕

𝜕𝑥

1

2
𝑘𝑥2

⇒
𝑑

𝑑𝑡
𝑚 ሶ𝑥 = − 𝑘𝑥 ⇒ 𝑚 ሷ𝑥 = −𝑘𝑥
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Why Lagrangian Mechanics?

• Lagrangian mechanics offers a perspective that dynamics and 
motion are optimization process.

min න
𝑡1

𝑡2

𝐿 𝑞, ሶ𝑞 𝑑𝑡

• In other words, we can use off-the-shelf optimization tool 
boxes to solve dynamics



• Lagrangian Mechanics

• Incremental Potential Contact Modeling

• Material Point Methods
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Formulate Complex Dynamics and Motions as 
Optimization Problems

Codimensional Incremental Potential Contact.  Li et al.
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Formulate Complex Dynamics and Motions as 
Optimization Problems

Intersection-free Rigid Body Dynamics.  Ferguson et al.
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Incremental Potential Contact: Intersection- and Inversion-free Large 

Deformation Dynamics.  Li et al.

Formulate Complex Dynamics and Motions as 
Optimization Problems
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Contact Modeling

• Consider elastic objects with contact and friction.  The Lagrangian is:

𝐿 𝑥, ሶ𝑥 =
1

2
ሶ𝑥⊺𝑀 ሶ𝑥 − Ψ 𝑥 + 𝑥⊺ 𝑓𝑒 + 𝑓𝑑

external forces

dissipative frictional forces

ሶ𝑥

𝑓𝑑

𝑓𝑒

Potential energy of 
elastic objects
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Contact Modeling

• Consider elastic objects with contact and friction.  The Lagrangian is:

𝐿 𝑥, ሶ𝑥 =
1

2
ሶ𝑥⊺𝑀 ሶ𝑥 − Ψ 𝑥 + 𝑥⊺ 𝑓𝑒 + 𝑓𝑑

ሶ𝑥

𝑓𝑒

𝑓𝑑 𝑓𝑑

𝑑𝑘 𝑥 > 0, ∀𝑘

Challenges in contact modeling
• Intersection-free trajectories 𝒜: distances between 

vertices, edges, meshes should be non-zero
• Non-smooth frictional forces (static vs. sliding surface)
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With Lagrangian, We Consider Dynamics as an 
Optimization Process

• With some math works, we know simulating such dynamics with Implicit 
Euler time integration can be formulated as an optimization problem of 
Incremental Potential (IP).

𝐿 𝑥, ሶ𝑥 =
1

2
ሶ𝑥⊺𝑀 ሶ𝑥 − Ψ 𝑥 + 𝑥⊺ 𝑓𝑒 + 𝑓𝑑
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With Lagrangian, We Consider Dynamics as an 
Optimization Process

• With some math works, we know simulating such dynamics with Implicit 
Euler time integration can be formulated as an optimization problem of 
Incremental Potential (IP).

min න
𝑡1

𝑡2

𝐿 𝑥, ሶ𝑥 𝑑𝑡 = min න
𝑡1

𝑡2 1

2
ሶ𝑥⊺𝑀 ሶ𝑥 − Ψ 𝑥 + 𝑥⊺ 𝑓𝑒 + 𝑓𝑑 𝑑𝑡

𝑥𝑡+1 = arg min
𝑥

𝐸 𝑥, 𝑥𝑡 , 𝑣𝑡 , 𝑥𝜏 ∈ 𝒜, 𝜏 ∈ 𝑡, 𝑡 + 1

𝐸 𝑥, 𝑥𝑡 , 𝑣𝑡 =
1

2
𝑥 − ො𝑥 ⊺𝑀 𝑥 − ො𝑥 − ℎ2𝑥⊺𝑓𝑑 + ℎ2Ψ 𝑥

ො𝑥 = 𝑥𝑡 + ℎ𝑣𝑡 + ℎ2𝑀−1𝑓𝑒
Variational integrators and the Newmark algorithm for 

conservative and dissipative mechanical systems.  Kane et al.

simulation time step
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Dynamics as an Optimization Process

• The optimization problem with intersection-free constraints 

𝑥𝑡+1 = arg min
𝑥

𝐸 𝑥, 𝑥𝑡 , 𝑣𝑡 , 𝑠. 𝑡. 𝑑𝑘 𝑥 > 0 ∀𝑘

• The optimization problem is difficult to solve…
➢ It involves non-linear functions (e.g. Ψ 𝑥 )
➢ It becomes computationally inefficient for handling contact constraints 

(too large 𝑘)
➢ It involves non-smooth functions (e.g. 𝑓𝑑)
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Contact Modeling is Hard

• Problem 1: How to model friction, which exerts forces only when surfaces 
contact, while preserving intersection-free constraints?

• Problem 2: How to simulate contact / collision accurately while preserving 
intersection-free constraints?

• Problem 3: How to solve the hard optimization problem while involving 
frictional forces and intersection-free constraints?
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How to solve the hard optimization problem with 
intersection-free constraints?

• Idea: Convert constraint optimization problems into unconstraint 
optimization problems

• Construct a continuous barrier energy 𝑏 that approximates the non-
smooth contact constraints.  We augment the potential 𝐸 𝑥, 𝑥𝑡 , 𝑣𝑡

with a sum of these barriers

𝐵𝑡 𝑥 = 𝐸 𝑥, 𝑥𝑡 , 𝑣𝑡 + 𝜅 ෍

𝑘

𝑏 𝑑𝑘 𝑥

The barrier energy creates a highly localized repulsion force, 
affecting motion only when primitives are close to collision, and 
vanishing if primitives are a small user-specified distance apart

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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How to solve the hard optimization problem with 
intersection-free constraints?

• Idea: Convert constraint optimization problems into unconstraint 
optimization problems

Constraint optimization:

𝑥𝑡+1 = arg min
𝑥

𝐸 𝑥, 𝑥𝑡 , 𝑣𝑡 , 𝑠. 𝑡. 𝑑𝑘 𝑥 > 0 ∀𝑘

Unconstraint optimization:

𝑥𝑡+1 = arg min
𝑥

𝐵𝑡 𝑥 = arg min
𝑥

𝐸 𝑥, 𝑥𝑡 , 𝑣𝑡 + 𝜅 ෍

𝑘

𝑏 𝑑𝑘 𝑥

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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What Could be the Barrier Energy 𝑏?

• The function should be smooth
• The function should prevent intersection: the energy 

should be infinitely large when two entities contact መ𝑑: the  the maximum distance at 
which contact repulsions can act
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How to Model Frictional Contact?

• Note that, frictional forces as two modes: sliding and static friction

• How to describe sliding?

➢ Define an oriented sliding bases 𝑇𝑘 𝑥 at contact 𝑘.  We’ll explain 
later

➢ The local relative sliding displacement can be described as 𝑢𝑘 =
𝑇𝑘 𝑥 𝑥 − 𝑥𝑡

➢ The sliding velocity is 𝑣𝑘 = Τ𝑢𝑘
ℎ

• We can define frictional force as:

𝐹𝑘 𝑥, 𝜆 = 𝑇𝑘 𝑥 arg min
𝛽

𝛽⊺𝑣𝑘 𝑠. 𝑡. 𝛽 ≤ 𝜇𝜆𝑘

contact force magnitude

friction coefficient

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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How to Model Frictional Contact?

• We can define frictional force as:

𝐹𝑘 𝑥, 𝜆 = 𝑇𝑘 𝑥 arg min
𝛽

𝛽⊺𝑣𝑘 𝑠. 𝑡. 𝛽 ≤ 𝜇𝜆𝑘

• When there is sliding 𝑣𝑘 > 0, 𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥
𝑢𝑘

𝑢𝑘

• When there is sticking 𝑣𝑘 = 0, 𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥 𝑓, where 𝑓
takes any value in the closed 2D unit disk

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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What is an Oriented Sliding Bases 𝑇𝑘 𝑥

https://phys-sim-book.github.io/lec9.1-smooth_fric.html
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How to Model Frictional Contact?

• We can define frictional force as:

𝐹𝑘 𝑥, 𝜆 = 𝑇𝑘 𝑥 arg min
𝛽

𝛽⊺𝑣𝑘 𝑠. 𝑡. 𝛽 ≤ 𝜇𝜆𝑘

• When there is sliding 𝑣𝑘 > 0, 𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥
𝑢𝑘

𝑢𝑘

• When there is sticking 𝑣𝑘 = 0, 𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥 𝑓, where 𝑓
takes any value in the closed 2D unit disk

𝐹𝑘 is non-smooth! 

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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Smoothed Frictional Contact

• Non-smoothed friction:

➢ When there is sliding 𝑣𝑘 > 0, 𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥
𝑢𝑘

𝑢𝑘

➢ When there is sticking 𝑣𝑘 = 0, 𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥 𝑓, where 𝑓
takes any value in the closed 2D unit disk

• An equivalent expression:

𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥 𝑓 𝑢𝑘 𝑠 𝑢𝑘

where 𝑠 𝑢𝑘 =
𝑢𝑘

𝑢𝑘
when 𝑢𝑘 > 0 otherwise any value

and 𝑓 𝑢𝑘 = 1 when 𝑢𝑘 > 0 otherwise 𝑓 𝑢𝑘 ∈ 0, 1

We just need a smoothed 𝑓
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Smoothed Frictional Contact

• A smoothed expression of friction:

𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥 𝑓1 𝑢𝑘 𝑠 𝑢𝑘

where 𝑠 𝑢𝑘 =
𝑢𝑘

𝑢𝑘
when 𝑢𝑘 > 0 otherwise any value

velocity 𝑣𝑘 =
𝑢𝑘

ℎ
below 𝜖𝑣 is treated static

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.



47

Smoothed Frictional Contact

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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Smoothed Frictional Contact

• A smoothed expression of friction:

𝐹𝑘 𝑥, 𝜆 = −𝜇𝜆𝑘𝑇𝑘 𝑥 𝑓1 𝑢𝑘 𝑠 𝑢𝑘

• We want to derive a potential 𝐷𝑘 such that 𝐹𝑘 𝑥 = −∇𝑥𝐷𝑘 𝑥

• If we decouple 𝑇𝑘 and 𝜆𝑘 from 𝑥, using 𝑇𝑛 and 𝜆𝑛 derived from 
previous time step 𝑛, we obtain a simple and compact frictional 
potential:

𝐷𝑘 𝑥 = 𝜇𝜆𝑘
𝑛𝑓0 𝑢𝑘

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.

𝑓0 is given by 𝑓0
′ = 𝑓1 and 𝑓0 𝜖𝑣ℎ = 𝜖𝑣ℎ

Check the paper for detailed derivation!
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Contact Modeling is Hard

 Problem 1: How to model friction, which exerts forces only when surfaces 
contact, while preserving intersection-free constraints?

 Problem 2: How to simulate contact / collision accurately while preserving 
intersection-free constraints?

 Problem 3: How to solve the hard optimization problem while involving 
frictional forces and intersection-free constraints?

✓

?
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Newton’s Method in Optimization

• We can use Newton’s method to solve the optimization problem.  
Let’s consider a scalar optimization problem:

min
𝑥

𝑓 𝑥

• Let 𝑥𝑘 be the guess at iteration 𝑘.  How can we obtain a better 
guess at the next iteration?  By Taylor’s expansion, we have: 

𝑓 𝑥𝑘 + 𝑡 ≈ 𝑓 𝑥𝑘 + 𝑓′ 𝑥𝑘 𝑡 +
1

2
𝑓′′ 𝑥𝑘 𝑡2

⇒
𝑑𝑓 𝑥𝑘 + 𝑡

𝑑𝑡
= 0 ⇒

𝑑 𝑓 𝑥𝑘 + 𝑓′ 𝑥𝑘 𝑡 +
1
2

𝑓′′ 𝑥𝑘 𝑡2

𝑑𝑡
= 0

⇒ 𝑓′ 𝑥𝑘 + 𝑓′′ 𝑥𝑘 𝑡 = 0 ⇒ 𝑡 = −
𝑓′ 𝑥𝑘

𝑓′′ 𝑥𝑘

Update 𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑡
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Newton’s Method in Optimization

• We can use Newton’s method to solve the optimization problem.  
Let’s consider a high-dimensional optimization problem:

min
𝒙

𝑓 𝒙

• Let 𝑥𝑘 be the guess at iteration 𝑘.  How can we obtain a better 
guess at the next iteration?  By Taylor’s expansion, we have:

⋮

⇒ 𝒕 = −𝐻−1∇𝑓 𝒙

Hessian matrix, capturing the 
information of  2nd order derivative 

Update 𝒙𝒌+𝟏 = 𝒙𝒌 + 𝛼𝒕

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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Contact Modeling is Hard

 Problem 1: How to model friction, which exerts forces only when surfaces 
contact, while preserving intersection-free constraints?

 Problem 2: How to simulate contact / collision accurately while preserving 
intersection-free constraints?

 Problem 3: How to solve the hard optimization problem while involving 
frictional forces and intersection-free constraints?

✓

?

✓
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Backtracking Line Search

https://phys-sim-book.github.io/lec9.1-smooth_fric.html
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Actually there are more engineering 
details to make things work…

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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Results

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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Results

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics.  Li et al.
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Why Do We Need Contact Modeling?  Robot 
Manipulation is All About Contact

ASIMO by Honda. https://youtu.be/Bmglbk_Op64?si=IkazCf6YfS236rPj
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Why Do We Need Contact Modeling?  Simulation of 
Tactile Sensing

Soft-bubble grippers for robust and perceptive manipulation. Kuppuswamy et al.



• Lagrangian Mechanics

• Incremental Potential Contact Modeling

• Material Point Methods

Content
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How about Simulation of Complex Materials or 
Large Deformations?



PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 202461

Our Goal: Physically Reconstructing 3D Objects 
of Complex Materials or Large Deformations



PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 202462

Our Goal: Physically Reconstructing 3D Objects 
of Complex Materials or Large Deformations



Material Point Method: A Physical Model for 
Continuum Mechanics

63

Image source 
https://www.geoelements.org/LearnMPM/mpm.html

• A hybrid approach for modeling continuum 
mechanics

• Particles are Lagrangian representations: easier 
to track the motion

• Grids are Eulerian representations: easier to 
compute forces

• Lagrangian particle or Eulerian grid views the 
motion from different coordinate systems

Particle motion
(Lagrangian representations)

Grid motion
(Eulerian representations)



64Video source: https://nialltl.neocities.org/articles/mpm_guide

Material Point Method: A Physical Model for 
Continuum Mechanics
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MPM Particles vs. Eulerian Grids

• MPM Particles are not individual particles, 
molecules, atoms or little spheres, but a 
continuous piece of material

• Particle motions are easier to track
• Particle motions are easier to advect
• Particles representations trivially enforce 

mass conservation

• Eulerian grids are fixed point in space where 
motions of particles passing through are 
measured

• It’s easier to compute / exert forces on grids
• It’s easier to handle collision / topological 

change / boundary conditions with grids
• Grid representations naturally handle spatial 

derivatives
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A Brief Overview of MPM

1. Aggregate particle motions to grid motions
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A Brief Overview of MPM

1. Aggregate particle motions to grid motions
2. Aggregate particle deformation to grid forces
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A Brief Overview of MPM

1. Aggregate particle motions to grid motions
2. Aggregate particle deformation to grid forces
3. Update grid motions based on calculated stress / strain and external forces
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A Brief Overview of MPM

1. Aggregate particle motions to grid motions
2. Aggregate particle deformation to grid forces
3. Update grid motions based on calculated stress / strain and external forces
4. Update particle motions based on grid motions
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A Brief Overview of MPM

1. Aggregate particle motions to grid motions
2. Aggregate particle deformation to grid forces
3. Update grid motions based on calculated stress / strain and external forces
4. Update particle motions based on grid motions
5. Repeat 1.
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Let’s Dig Into some Details
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Image source: wiki

Continuum Mechanics

• A continuum is an area that can keep 
being divided and divided infinitely, while 
its particulate nature is ignored.

• This simplification enables studying the 
movement of matter on scales larger 
than the distances between particles

• For example, it studies the motion of a 
piece of materials, rather than the 
motion of individual atoms



73The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Kinematics of Continuum Materials

• In continuum mechanics, the deformation is 
usually represented with the material space 
X, the world space x and a deformation map 
ϕ X, t

• The material space X denotes the coordinate 
that identifies which piece of material. By 
convention, X is the position that piece 
occupied at time t = 0

• The world space x denotes the coordinate 
that identifies a position in the space

• The deformation map x = ϕ X, t describes 
the chunk of material X is currently sitting at 
location x at time t

Ω0 Ωt

Lagrangian
coordinates

Eulerian 
coordinates



74The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Lagrangian Kinematics of Continuum Materials

• The deformation map x = ϕ X, t describes 
the chunk of material X is currently sitting at 
location x at time t

• With the deformation map, we naturally 
derive kinematics in Lagrangian coordinates:

➢ Velocity: V X, t =
𝜕ϕ X,t

𝜕t

➢ Acceleration: A X, t =
𝜕2ϕ X,t

𝜕t2 =
𝜕V X,t

𝜕t

• In other words, we measure the velocity and 
acceleration on a fixed particleΩ0 Ωt

Lagrangian
coordinates

Eulerian 
coordinates



75The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Eulerian Kinematics of Continuum Materials

• The inverse deformation map X = ϕ−1 x, t
traces back the chunk of material X is 
currently sitting at location x at time t

• The kinematics in Eulerian coordinates is non-
intuitive:

➢ Velocity: v x, t =
𝜕ϕ ϕ−1 x,t ,t

𝜕t

➢ Acceleration: a x, t =
𝜕2ϕ ϕ−1 x,t ,t

𝜕t2 ≠
𝜕v x,t

𝜕t

• In other words, we measure the velocity and 
acceleration at a fixed location x at time tΩ0 Ωt

Lagrangian
coordinates

Eulerian 
coordinates



76The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Conversion between Lagrangian and Eulerian Kinematics

• From Eulerian to Lagrangian:
➢ v x, t = V ϕ−1 x, t , t
➢ a x, t = A ϕ−1 x, t , t

• From Lagrangian to Eulerian:
➢ V X, t = v ϕ X, t , t
➢ A X, t = a ϕ X, t , t

• Lagrangian acceleration is the derivative of 
Lagrangian velocity with respect to t:

A X, t =
𝜕V X, t

𝜕t
• Eulerian acceleration is not the derivative of 

Eulerian velocity with respect to t:

a x, t ≠
𝜕v x, t

𝜕t

Ω0 Ωt

Lagrangian
coordinates

Eulerian 
coordinates



77The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Conversion between Lagrangian and Eulerian Kinematics

• Let’s first derive Lagrangian acceleration with respect to Eulerian velocity:

A X, t =
dV X, t

dt
=

dv ϕ X, t , t

dt

=
𝜕v ϕ X, t , t

𝜕t
+

𝜕v ϕ X, t , t

𝜕ϕ X, t

𝜕ϕ X, t

𝜕t

=
𝜕v ϕ X, t , t

𝜕t
+

𝜕v ϕ X, t , t

𝜕x X, t

𝜕ϕ X, t

𝜕t

• Derive Eulerian acceleration from Lagrangian acceleration:

a x, t = A ϕ−1 x, t , t =
𝜕v x, t

𝜕t
+

𝜕v x, t

𝜕x
v x, t



78The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Conversion between Lagrangian and Eulerian Kinematics

• Derive Eulerian acceleration from Lagrangian acceleration:

a x, t = A ϕ−1 x, t , t =
𝜕v x, t

𝜕t
+

𝜕v x, t

𝜕x
v x, t

• In other words, both temporal and spatial derivatives of velocity measured at 
location x at time t attributes to the acceleration

• Imagine a steady river where the water speeds up as it enters a narrow channel. 

At any fixed point in space the velocity never changes, so 
𝜕v x,t

𝜕x
= 0. Yet a leaf 

floating downstream does accelerate, because it's being carried into regions of 
higher v. That acceleration comes entirely from the spatial derivatives 
𝜕v x,t

𝜕x
v x, t



79The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Take-away Message

• The motion can be measured in two coordinate systems: 
Lagrangian and Eulerian coordinates

• Lagrangian kinematics can be converted to Eulerian kinematics, 
and vice versa

• Eulerian acceleration results from both temporal and spatial 
derivatives of velocity measured at a fixed location at certain time



80Image source: https://obi.virtualmethodstudio.com/

Cloth Rope Fluid
Soft body

How to Describe Properties of Different Materials?



81The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Deformation Gradient

• The deformation map x = ϕ X, t describes 
the chunk of material X is currently sitting at 
location x at time t

• The deformation gradient is defined as:

F X, t =
𝜕ϕ X, t

𝜕X
=

𝜕x X, t

𝜕X

Ω0 Ωt
Deformation gradient describes the 

deformation of one axis relative to other axes
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Image source: wikipedia

We Can Characterize Material-wise Dynamics 
using Strain Stress Relationship

• Stress: the force per unit area on a body that 
tends to cause it to change shape
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Image source: wikipedia

We Can Characterize Material-wise Dynamics 
using Strain Stress Relationship

• Stress: the force per unit area on a body that 
tends to cause it to change shape

• Strain: the deformation or change in shape 
of a body subjected to applied forces

• First Piola-Kirchoff stress P can be derived as:

P =
𝜕Ψ F

𝜕F

while Cauchy stress σ is:

σ =
1

det F

𝜕Ψ F

𝜕F
F⊤
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Strain energy density function Ψ F

• Each form of Ψ F describe individual material properties

• For example, Neo-Hookean is excellent for modeling moderate to large, 
reversible strains in uniaxial tension, pure shear, and compression.

• For example, fixed corotated constitutive model is best for large deformation, 
large rotation, and non-linear elastic behavior of materials

Calculate SVD of F

J = det F



85Image source: https://obi.virtualmethodstudio.com/

Cloth Rope Fluid
Soft body

How to Model Dynamics of Different Materials?
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Governing Equations
Lagrangian view

Eulerian view

Lagrangian mass density det F

Eulerian mass density
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Calculating “Conservative of Momentum” is Challenging

• Conservation of momentum describes the change of velocity.  However, we 
often do not have access to the derivatives of Piola-Kirchoff stress P at every 
chunk of material X.  We need to approximate the formula

• Simplifications:

➢ Ignore external forces (e.g. gravity)

This assumes the gradient of First Piola-
Kirchoff stress P is available at every X
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Representing “Conservative of Momentum” in a Weak Form

• Previously, we have

• With an arbitrary function 𝑸 ∙, t , we express the equation through integral: 

න
Ω0

𝑸 𝑿, t R 𝑿, t
𝜕𝑽 𝑿, t

𝜕t
d𝑿 = න

Ω0
𝑸 𝑿, t ∇𝑿 ∙ 𝑷d𝑿
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Representing “Conservative of Momentum” in a Weak Form

• Previously, we have

• With an arbitrary function 𝑸 ∙, t : Ω0 → ℝd, we express the equation through 
integral: 

න
Ω0

𝑸 𝑿, t R 𝑿, t
𝜕𝑽 𝑿, t

𝜕t
d𝑿 = න

Ω0
𝑸 𝑿, t ∇𝑿 ∙ 𝑷d𝑿

𝑸 𝑿, t , 𝑽 𝑿, t , 𝑿 are vectors
𝑷 is a tensor
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Divergence

For a continuously 
differentiable vector field

For a continuously 
differentiable tensor field

https://en.wikipedia.org/wiki/Divergence
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Representing “Conservative of Momentum” in a Weak Form

• Previously, we have

• With an arbitrary function 𝑸 ∙, t , we express the equation through integral: 

න
Ω0

𝑸 𝑿, t R 𝑿, t
𝜕𝑽 𝑿, t

𝜕t
d𝑿 = න

Ω0
𝑸 𝑿, t ∇𝑿 ∙ 𝑷d𝑿

𝑸 𝑿, t , 𝑽 𝑿, t , 𝑿 are vectors
𝑷 is a tensor

𝜕𝑷ij 𝑿, t

𝜕𝑿j
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Representing “Conservative of Momentum” in a Weak Form

𝜕𝑸i 𝑿, t

𝜕𝑿j

𝜕𝑷ij 𝑿, t

𝜕𝑿j

𝜕𝑸i 𝑿, t 𝑷ij 𝑿, t

𝜕𝑿j
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Representing “Conservative of Momentum” in a Weak Form

Divergence theorem
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Representing “Conservative of Momentum” in a Weak Form

• Let 𝐓 ∙, t be the boundary force per unit reference area with 𝐓i 𝑿, t = 𝐏ij 𝑿, t 𝐍j 𝑿, t

In Eulerian configuration:

In Lagrangian configuration:
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Representing “Conservative of Momentum” in a Weak Form

a x, t = A ϕ−1 x, t , t

Define
𝜐n x = V ϕ−1 x, tn , tn

𝜐n+1 x = V ϕ−1 x, tn , tn+1

This is not Eulerian velocity!

Still, the integrals are hard to solve.  
We need to approximate the solution.
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Represent a Continuous Function via Basis Functions 

Image source: https://gpss.cc/gprs13/assets/session2.pdf
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q x = ෍

i

qi Ni x

q1

q2

q3

q4

q5

q6

q7

q8

q9

• The choice of interpolation function Ni x

• The choice of kernel function N x

This is a low-rank approximation of the original 
function.  No need to keep track of every function’s 
value at each position but those on the grid nodes

Represent a Continuous Function via Basis Functions 
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Representing “Conservative of Momentum” in a Weak Form

i, j, k denote the grid index
α, β, γ denote the channel index
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Reorganize the Lef-Hand Side of the Equation
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0

Customize the Function q x, t



Representing “Conservative of Momentum” in a Weak Form

101

The integrals are hard to solve.  We 
need to approximate the solution.

i, j, k denote the grid index
α, β, γ denote the channel index



Approximation Method 2: Quadrature Rule

102

• Gauss–Legendre quadrature: given n sampled points, we can approximate 
the continuous integrals by carefully selecting quadrature weights wi

• For continuum mechanics, we sample material points to approximate the 
integrals of each grid nodes

Volume for material point p



Representing “Conservative of Momentum” in a Weak Form

103

How to derive the volume for material point p

This is the Cauchy stress defined in the Eulerian 
coordinate system, while the rest terms are 

Lagrangian representations…



Representing “Conservative of Momentum” in a Weak Form

104

Define ∇wip β
=

𝜕Ni

𝜕xβ
xp

n



Momentum Update Rule  from “Conservative of Momentum”

105

• This update rule updates the momentum of each node on the Eulerian grid 
based on the deformation of material particles



10
6

Recap: A Brief Overview of MPM

1. Aggregate particle motions to grid motions
2. Aggregate particle deformation to grid forces
3. Update grid motions based on calculated stress / strain and external forces
4. Update particle motions based on grid motions
5. Repeat 1.



But How to Update the Deformation of Material Particles?

107

• This update rule updates the momentum of each node on the Eulerian grid 
based on the deformation of material particles



10
8The Material Point Method for Simulating Continuum Materials.  Jiang et al.

Recap: Deformation Gradient

• The deformation map x = ϕ X, t describes 
the chunk of material X is currently sitting at 
location x at time t

• The deformation gradient is defined as:

F X, t =
𝜕ϕ X, t

𝜕X
=

𝜕x X, t

𝜕X

Ω0 Ωt
Deformation gradient describes the 

deformation of one axis relative to other axes



Deformation Gradient Evolution

109

• The Lagrangian time derivative of F:

𝜕

𝜕t
𝐹 X, t =

𝜕

𝜕t

𝜕ϕ X, t

𝜕X
=

𝜕

𝜕X

𝜕ϕ X, t

𝜕t
=

𝜕𝑉 X, t

𝜕X



Deformation Gradient Evolution

110

• The Lagrangian time derivative of F:

𝜕

𝜕t
𝐹 X, t =

𝜕

𝜕t

𝜕ϕ X, t

𝜕X
=

𝜕

𝜕X

𝜕ϕ X, t

𝜕t
=

𝜕𝑉 X, t

𝜕X

=
𝜕𝑉 X, t

𝜕ϕ X, t

𝜕ϕ X, t

𝜕X



Deformation Gradient Evolution

111

• The Lagrangian time derivative of F:

𝜕

𝜕t
𝐹 X, t =

𝜕

𝜕t

𝜕ϕ X, t

𝜕X
=

𝜕

𝜕X

𝜕ϕ X, t

𝜕t
=

𝜕𝑉 X, t

𝜕X

=
𝜕𝑉 X, t

𝜕ϕ X, t

𝜕ϕ X, t

𝜕X

=
𝜕v ϕ X, t , t

𝜕x
𝐹 X, t



Update Rule the Deformation of Material Particles

112



A Full Algorithm of MPM

113The Material Point Method for Simulating Continuum Materials.  Jiang et al.



A Full Algorithm of MPM

114The Material Point Method for Simulating Continuum Materials.  Jiang et al.



Check  “The Material Point Method for Simulating 
Continuum Materials” by Chenfanfu Jiang et al for 

more details

115
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PhysGaussian: A Unified Simulation-Rendering Pipeline

• Previous approaches to physics-based visual content generation 
require multiple stages:
1. Construct the geometry
2. Transform to simulation-ready representations (e.g. Tetrahedral 

meshes)
3. Simulate with physics
4. Render

• Idea: “what you see is what you simulate”:
➢ Use 3DGS for rendering and simulation

117PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 2024



How to Simulate with 3DGS based on MPM?

• A quick recap of basic principles in MPM:

➢ Deformation map 𝑥 = 𝜙 𝑋, 𝑡

➢ Deformation gradient 𝐹 𝑋, 𝑡 = ∇𝑋𝜙 𝑋, 𝑡

➢ Conservation of mass: ׬
𝐵𝜖

𝑡
 

𝜌 𝑥, 𝑡 ≡ ׬
𝐵𝜖

0
 

𝜌 𝜙−1 𝑋, 𝑡 , 0

➢ Conservation of momentum: 𝜌 𝑥, 𝑡 ሶ𝑣 𝑥, 𝑡 = ∇ ∙ 𝜎 𝑥, 𝑡 + 𝑓𝑒𝑥𝑡

• A quick recap of update rules in MPM.  For Eulerian grid 𝑖 and Lagrangian 
particles 𝑝 at time 𝑛:

➢ Velocity update:
𝑚𝑖

∆𝑡
𝑣𝑖

𝑛+1 − 𝑣𝑖
𝑛 = − σ𝑝

 𝑉𝑝
0 𝜕Ψ

𝜕𝐹
𝐹𝑝

𝐸,𝑛 𝐹𝑝
𝐸,𝑛⊺

∇𝜔𝑖,𝑝
𝑛 + 𝑓𝑖

𝑒𝑥𝑡

➢ Particle’s position update: 𝑥𝑝
𝑛+1 = 𝑥𝑝

𝑛 + ∆𝑡𝑣𝑝
𝑛+1

➢ Deformation gradient update: 𝐹𝑝
𝐸,𝑛+1 = 𝐼 + ∆𝑡 σ𝑖 𝑣𝑖

𝑛+1∇𝜔𝑖,𝑝
𝑛 ⊺

𝐹𝑝
𝐸,𝑛

118PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 2024



How to Simulate with 3DGS based on MPM?

• How to define particles?

➢ 3DGS are particles, which deform like continuum materials

• Original 3DGS:

• Deformed 3DGS with the deformation map 𝜙 𝑋, 𝑡 :

A deformed Gaussian is not necessarily Gaussian 

119PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 2024



An Assumption of Local Affine Transformations

• The deformations are local affine transformations:

• Deformed 3DGS with the deformation map 𝜙 𝑋, 𝑡 :

We know affine transformed 
Gaussians are still Gaussians 

(check lecture 3)

120PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 2024



An Assumption of Local Affine Transformations

• The deformations are local affine transformations:

• Deformed 3DGS with the deformation map 𝜙 𝑋, 𝑡 :

121PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 2024



How to Simulate with 3DGS based on MPM?

• How to define grids?

• When shooting a ray, we know if it 
intersects with the surface from the 
change of opacity

• Two patterns for defining internal 
and external grids

122PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 2024



PhysGaussian: Physics-Integrated 3D Gaussians for Generative Dynamics. Xie et al.  CVPR 2024

Results

123



• Physical modeling
➢Learning-based physical modeling

What We Will Cover the Next Week

124
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