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Physical Modeling We Have Covered

« We have covered mass-spring system, position-based dynamics,
incremental potential contact and material point methods

* Pros:
» Physically accurate if parameters are well tuned

e Cons:

» Need to manually select a lot of parameters. For instance,
connection pattern and stiffness for mass-spring system;
material type, boundary conditions, E, nu for MPM...

» These frameworks lack of generalization, each of which is only
good for certain scenarios



Learn Physically Accurate Dynamics without the
Need for Parameter Tuning but Generalize Well

 |deas:
» Pure data-driven approaches: Fit models on large-scale data
» Hybrid approaches: Data-driven supervision and physic-based
regularization
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Pure Data-Driven Approaches

« All you need is to collect a large-scale dataset, and fit
generative models on the dataset



Generative Modeling for Simulation

1

nat are the input representations?
nat are the model architectures?
nat are the output representations?
ow to obtain ground truths?

===



Learning to Simulate Complex Physics with Graph Networks

Alvaro Sanchez-Gonzalez“' Jonathan Godwin ' Tobias Pfaff*! Rex Ying !? Jure Leskovec?
Peter W. Battaglia '

What are the input representations?
» Particles

What are the model architectures?
» Graph neural networks

What are the output representations?
» Particle position / velocity ...

How to obtain ground truths?
» Generate with PBD, MPM, ...

8



Step 1: Encode a Graph of Particles

ENCODER

(b)

X— — G

(©) Construct graph
A"
¢
« - €l
[ ® (¥ X4 . V?
o (- C .
¢

Learning to Simulate Complex Physics with Graph Networks. Sanchez-
Gonzalez et al.



Step 2: Contextualize the Graph with Graph Neural
Network

Learned simulator, sg

G

> dG
ENCODER 1 PROCESSOR M
(b) |" GN |-' GN ;l\
X — | GO 'é‘ Gl R GM—l '\'I_'/ GM
(©) Construct graph (d) Pass messages
V 5
¢ ; ﬁx"" m 7oaf m—+1
« & Sid £ \Lem ) ..\\%ei,j
— 7 A — P’ \ >
oo % TN eSS S\
¢ © ¢ < < ¢ ¢ ¢ $—¢
[ ¥ ¢ [ * ¢

Learning to Simulate Complex Physics with Graph Networks. Sanchez-

Gonzalez et al. 10



Step 3: Decode Particle Motion

Learned simulator, sg

So
i ——{( Update )—
> d(9
(b) ENCODER r aNL PROCESSOR r GNM;\ DECODER
X — —GO :&—VGI - GM_l '\-i_j GM—> — Y
(©) Construct graph v (d) Pass messages (e)  Extract dynamics info
¢ ¢ € g/‘fe?j u/? b ] -
¢ — : V2@ m — St @ i1 o v — ¢
¢ ¢ X; « V? Py gl Vi ey Yol 4Vi T ! Vi ¢ ¢ yi
N\ A IAN
¢ ¢ ¢ « < ¢ ¥Y-¢ ¢ ¥—¢ ¢ Y e @ ¢
(% « (¥ (- (% (¥

Learning to Simulate Complex Physics with Graph Networks. Sanchez-

Gonzalez et al. 11



Results

Surface mesh Underlying particles

Particle representation

Learning to Simulate Complex Physics with Graph Networks. Sanchez-
Gonzalez et al. 12



Visual Particle Dynamics

2023

Learning 3D Particle-based Simulators
from RGB-D Videos

William F. Whitney, Tatiana Lopez-Guevara, Tobias Pfaff, Yulia Rubanova,
Thomas Kipf, Kimberly Stachenfeld, Kelsey R. Allen

Google DeepMind

What are the input representations?
> Pixel particles

What are the model architectures?
» Graph neural networks

What are the output representations?
» Particle position / velocity ...

How to obtain ground truths?
» RGB-D videos

13



Similar Frameworks Supervised with Rendering Loss

Visual Particle Dynamics - VPD

‘ — Encoder = .= dDynamics J» it — Renderer -
Xt aZt o Xt+1 th+1 A
World Input Images Encoded Points Predicted Points Rendered Images

Learning 3D Particle-based Simulators from RGB-D Videos. Whitney et al. 14



Results

Learning 3D Particle-based Simulators from RGB-D Videos. Whitney et al. 15



Results

Learning 3D Particle-based Simulators from RGB-D Videos. Whitney et al. 16



Results: Scene Editing

Origin scene Delete cylinder

Learning 3D Particle-based Simulators from RGB-D Videos. Whitney et al. 17

Delete floor




However, Pure Data-Driven Approaches May Not Work
We Learn the Same Lesson from Video Generative Models

——

18
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Physic-based Regularization

20

Physic Law
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PHYSICS-INFORMED DIFFUSION MODELS

Jan-Hendrik Bastek WaiChing Sun

Dept. of Mechanical and Process Eng. Dept. of Civil Eng. and Eng. Mechanics
ETH Zurich Columbia University

Zurich, Switzerland New York, NY, USA
jbastek@ethz.ch wsun@columbia.edu

Dennis M. Kochmann

Dept. of Mechanical and Process Eng.
ETH Zurich
Zurich, Switzerland

dmk@ethz.ch

« Enforce samples generated from the learned distribution
conform to the known physical constraints

22



We Can Formulate Physic Laws as a set of PDEs

o (Constraints:

F[u(&)] =0, 5 — (51762: " 7€d)T €}, u= (u1(£)7u2(£)7 T ,uc(f))T < RC:

where F denote differential operators, & denote elements in
domain Q and u denote the solution field satisfies the set of

PDES

« Boundary conditions: Blu(§)] =0, & €09

« We can compose both factors into a residual operator:  R(zxo) := [ﬁiﬁﬂ

« To enforce physical constraints, we minimize the residual R(x,)
of sample x,

23



Example: Position Points on a Circle

« Boundary conditions:
x—xJ)*+(y—y)? =r?

24



Example: Spring Motion

e Physic law:
mx = —kx
« Boundary conditions:
x—xJ)*+(y—y)? =r?

10000 @
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Integrate into the Diffusion Model

« To maintain the probabilistic perspective of generative models,
we can introduce the residuals as virtual observables

qR('r’"\mo) = N(’f‘,R o ,0'2I)

clean data sample

26



Integrate into the Diffusion Model

« To maintain the probabilistic perspective of generative models,
we can introduce the residuals as virtual observables

qR('f'|a':0) — N(’f‘, R(.’L‘()), O'2I)

e The likelihood of virtual observables:

po(7) = / po(#, o) Az — f ar (710)p0 (@0) Ao = Eay py (w01 @R (Fl0)-

« Generating a physically correct sample is to maximize the
likelihood of virtual observables:

arg max E; [log pg(7)] = argmax E

0

0

27

o~po(xp)

log gr (7 = Olxo)].

Sample from the learned distribution



Step 1: Estimate x;

 |dea 1: accelerate sampling with DDIM

&_—&— . —aiCHE @ — @ —— @— @

G(ma T3, Tp) G'(fﬂz x1,Tp)

t?(ﬂ’2|ﬂ?1)

DDPM (markovian) DDIM (non-markovian)

« |dea 2: estimate directly from x,
q(x¢|x0) = N (x5 Vauxo, (1 — ay)I)
Xo & Xg = (xt — /1 — C—l:‘tﬁg(xt)) /O

28



Step 2: Minimize Residual Loss

»
>

-1

s

\pé)(wt—ﬂwt) )

1
2%,

||R(mz;(wt,t)>n2] |

Leom(0) = Ei 1,720 ~a(@orr) | MllTo — o, t)]|? +

Physics-Informed Diffusion Models. Bastek et al. 23



Results

® \anilla Diffusion Model
®  Physics-Informed Diffusion Model

----------
‘‘‘‘‘‘‘‘

e
f:"
_ ,,;. \
. \ !
. N s
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Results

~~
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Diffusion

(b)
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Permeability K
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Pressure p

&1

Pressure p

&1
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A More General Formulation of Physic-Informea
Neural Network (PINN)

« (Core idea of physics-informed diffusion model is to impose constraints
based on physic laws on the model output

« Ageneral form of PDEs:
ur + N[u]=0, xe 2, tel0,T],

where u is the solution, V'[-] denotes a non-linear differential operator.

 |dea: learn a neural network predicting solutions of PDEs to bypass time-
consuming numerical simulation

33
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Results

Cc

000 012 025 038 050 Exact Learned

PECLLE i

Hidden fluid mechanics: Learning velocity and pressure fields
from flow visualizations. Raissi et al. 35
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ODE Forms the Foundation of Simulation

« For example, positions are integrals of velocity

dx(t) ;
- = v = x(1) =x(0) + | v(t)dt
0
 |dea: specify an ordinary differential equation (ODE) by a neural network
ty
dz(t
Z(t) — f(Z(t),t, 9) — Z(tl) — Z(to) + f f(Z(t),t, e)dt

to

e How to learn the neural network?

37



Parameterize Discretized ODE as Residual Network

Parameterize discretized ODE: Z¢ Residual Network
Zeyr = Z¢ + f(hy, 0y) v >

Learning objective: reconstruct data at 4 \

every time step t: L = Yllz¢ — 2|4 3

Problem: ' §2 |

1. Requires a very deep network to f(hy, 0,)
handle long sequence 'y '

2. Unable to simulate intermediate N ob—g 4443 :
time StepS Zeiq Input/Hidden/Output

38



Parameterize Continuous ODE as Neural Network

Parameterize continuous ODE:

" 2(t)  t
2(t,) = z(ty) + j f(z(0), t, 0)dt A
to
Learning objective: reconstruct data at
subsampled time step t": L = Y llze — Z¢ |l .
Problem: f(Z(t),t, 9)

1. Gradients need to be back-
propagated through time, which is
memory inefficient

z(t + At) = z(t) + f(z(t), t, 0)At
z(t + At + At) = z(t + At) + f(z(t + At), t + At, 0) At

ODE Network

/,

-5 0 5
Input/Hidden/Output

= 7(t) + f(z(t), t, 0) At + f(z(t) + f(z(t),t, 6)At,t + At, 0)At

39



Backpropagate Gradients Through Time

« Simplify continuous ODE with infinitesimal interval At

z(t + At) = z(t) + f(z(t),t, 0)At

z(t+ At + At) = z(t + At) + f(z(t + At),t + At, 0) At
= 7(t) + f(z(t),t, 0)At + f(z(t) + f(z(1),t, O)At, t + At, 0) At

40



Backpropagate Gradients Through Time

« Simplify continuous ODE with infinitesimal interval At
z(t + At) = z(t) + f(z(t),t, 0)At

z(t+ At + At) = z(t + At) + f(z(t + At),t + At, 0) At
= 7(t) + f(z(t), t, 0)At + f(z(t) + f(z(t),t, )AL, t + At, 0)At

e (Gradients at t + At + At:
dL(t + At + At) B dL(t + At + At) dz(t + At + At)

do ~ dz(t + At + Ab) do

Can we bypass gradient backpropagation through time?

41



Neural Ordinary Differential Equations

Ricky T. Q. Chen*, Yulia Rubanova®*, Jesse Bettencourt*, David Duvenaud
University of Toronto, Vector Institute
{rtqichen, rubanova, jessebett, duvenaud}@cs.toronto.edu

« Key idea: use the adjoint sensitivity method (Pontryagin et al., 1962) to bypass
backpropagation through the ODE solver.

« The approach computes gradients by solving a second, augmented ODE
backwards in time, and is applicable to all ODE solvers.

42



|[dea: Integrate ODE Neural Network into any ODE Solver

« Forward pass remains the same. Define a scalar loss function L(-)
t

L(z(t1)) =L (z(tu) + f(=z(t),t, H)dt) = L (ODESolve(z(to), f,to,t1,6))

Lp

« (alculate loss at sampled time steps

:{f[l] :(."."*]]

State

43



Key Results

 First define adjoint: a(t) = dL/dz(t) which determines how the gradient of the
loss depends on the hidden state z(t) at each instant

« Key result 1: the dynamics of a(t) can be given by another ODE

da(t) 1 0f(a(t),t,0)
dt a(t) 0z
Adjoint State

44

This solver must run backwards,
starting from the initial value of dL/0z(t,).

We can simply recompute z(t) backwards in
time together with the adjoint, starting from
its final value z(t,)



Key Results

 First define adjoint: a(t) = dL/dz(t) which determines how the gradient of the
loss depends on the hidden state z(t) at each instant

« Key result 1: the dynamics of a(t) can be given by another ODE

da(t) 0f(z(t),t,0)
dt —a(t)T 0z

« Key result 2: computes the gradients with respect to parameter 6 requires
evaluating a third integral, which depends on both z(t) and a(t):

d t %, 6
d_lg;z_/tl a(t)T f(zgf;ata )dt

45



da(t)

Proof of Result 1 29 - _qyro/E0.no

 We first define:

t+4&
= 2 at+e)= [ £(a(t)t,0)dt + a(t) = T.(al), 1

e From chain rule:

a(t)

dL dL dz(t+e) 0T.(z(t),t)
0a(t)  dalt+) da(t) 2t =alt+ &) 5.

46



da(t) a(t+¢)—al(?)

S = i, 2 ®
t+e)—a(t+e)2-T.(z(t
= lim, alt +¢) — al ;) 1< 2() (by Eq 38) (40)
e—0
t+¢e)—al(t+ t) + t),t,60) + O
= 1im+ at+e) —alt+mp 9=(t) (Z(E ) +ef(=0),49) ) (Taylor series around z(t))
e—0
(41)
a(t+e)—a(t+e) (I + Eaf(g‘;if 0) O(EE))
= lim (42)
e—0+ £
. —ca(t + ¢) af(gztif 0) 4 O(e?) 43
e—0+ E
_ B of(z(t),t,0)
= 81_1}1751+ a(t+¢) 92(1) + O(e) (44)
L 0f(2(),t,0)
= —a(t) Bz (1) (45)

47



Proof of Result 2 % -- [ awr2E5:4%

o0(t) _, )

=1
ot dt

« We have:

« We define augmented ODE:

d Z .f([zwga t]) a dL dL
- |:9:| (t) = faug([2,0,t]) := { 0 , Aqug = |as |, ag(t) := M, a:(t) := F(t)

t 1 ag

« We have

af of of
. 9z 99 9
Ofaug _[0 0 6}@)

0|z, 0, ] O O O

48



Proof of Result 2 4= [ a0 =5 %
» From key result 1, we have d‘:g) — 8f(zgt),t,9)
* Substitute it t0 ayyg
dagug(t O fau
fousll) _ _[a(t) ao(t) aul) a[:ie,gt] () =—[a2 a2 ad) (1)

e As aresult, we have:

i—g — ay(to) = —f " a(t)

it

49

0f (2(t),t,0) _,

00



Overall Algorithm

Algorithm 1 Reverse-mode derivative of an ODE initial value problem

Input: dynamics parameters 6, start time t;, stop time ¢, final state z(¢; ), loss gradient 9L/az(t,)

so = |z(ty), %?DIHI] > Define initial augmented state
def aug_dynamics([z(t), a(t), -], £, 8): > Define dynamics on augmented state
return [f(z(t),t,6), —a(t)" %-zﬁ, —a(t)' %{T] > Compute vector-Jacobian products
z(tg), Bf:ii{]] , 2L] = ODESolve(sq, aug_dynamics, ¢1, to, §) > Solve reverse-time ODE
return 5‘3(%{:)’ L > Return gradients

1. Obtain the dynamics of a(t) by reverse ODE

da(t) _ 00 (a(t).1.0)
dt 0z

2. Compute the gradients with respect to parameter 6 with a third integral

d to Of(z 7
d_‘g:_ll a(t)T f( g’gata )dt

50
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Results

Trajectories Phase Portrait
2.0 -

15 -

1.0 -

0.5 -
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|
M
o
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Results

mes (3round Truth
® Observation

= Prediction

== Extrapolation

(b) Latent Neural Ordinary Differential Equation

52



Content

 Pure Data-driven Approaches

 Hybrid Approaches
»Physics-Informed Diffusion Model
»Physics-Informed Neural Network
»Neural ODE
»Lagrangian Network / Hamiltonian Network

53



Lagrangian Mechanics

« The Lagrangian:

Potential energy
L=T-V
Kinetic energy

e FEuler-Lagrange Equation:

daL_aL doT oV
dtaq_aq dtdq  dq

Joseph-Louis Lagrange



Hamiltonian Mechanics

« We can derive Hamiltonian mechanics
from Lagrangian:

oL .
Pi = 5o H =qui — L
l
« Hamiltonian Equation:
dq aH_ dp  OH
dt dp’ dt  0q




Can We Direct

Mecha

h

y Bake Lagrangian / Hamiltonian
ics into Neural Networks?



Hamiltonian Mechanics

« We can derive Hamiltonian mechanics
from Lagrangian:

oL .
Pi = 5o H =qui — L
l
« Hamiltonian Equation:
dq aH_ dp  OH
dt dp’ dt  0q




« Hamiltonian Equation:

Baseline NN

(

o]

C

)

|
'r
'r

(

)

)

Output motions

58

Output Motions vs. Output Energy to Derive Motions

dq _0H_ dp _ _oH
dt dp’ dt aq
Hamiltonian NN
gradient of Hg I‘“j
—> o
c : y
KN RIS S

Output energy and derive
motions with autograd




Output Motions vs. Output Energy to Derive Motions

' : : d JH d OH
Hamiltonian Equation: = =2=; 2= -2
at _op’ dt  aq

Hamiltonian NN

gradient of Hg I‘“j
OH, Oq OHs Op i i
L — || == _ 3| 4 s ] )
HNN | op ot | gq " ot|l, | “—— S
( ) -
! R S
Lafl») 10 |-

Output energy and derive
motions with autograd
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Results

Ground truth Baseline NN Hamiltonian NN
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Task 1: Ideal Mass-Spring System

Hamiltonian Ideal mass-spring system Noisy observations Training settings
[ | 1.0—/?21;-;;%&\\\
RIS R * 25 trajectories of 30
- R
o054/ & 5 , N \\o \ \ observations each
1, , p? q [ otes . . J" ? « Adam with 10 learn rate
H = §kq + —2 < O'O'Q IR vy ‘.l e 3 layers of 200 units
~0.5 N :\\ LI / * 2000 gradient steps
' \ - -
m | p=mq e T A/ * tanh activations
—1.04 ~, e T S/
N~ -— —
-1 0 1
q
Predictions MSE between coordinates Total HNN-conserved quantity Total energy
2.0 1.0 4 —9.9
= Ground truth . = Baseline NN
1.5 4 = Baseline NN = Hamiltonian NN 1.0
: = Hamiltonian NN 0.8 - —10.0 1
0.9
0.6 ~10.1 -
0.4 1 Bif]
—10.2 A
0.2 5 = Ground truth 7Y = Ground truth
—10.3 { == Baseline NN === Baseline NN
0.0 - === Hamiltonian NN 0.6 4 === Hamiltonian NN
-1 0 1 2 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
q Time step Time step Time step

Energy is conserved!
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Hamiltonian

H = 2mgl(1 — cosq)

[2 2
L
2m

Predictions

2.0
1.5 A
1.0 A
0.5 1
0.0
—0.5 -

—1.0 -~

m— Ground truth
= Baseline NN
= Hamiltonian NN

Task 3: Real Pendulum

Real pendulum

MSE between coordinates

0.30
0.25 -
0.20 ~
0.15 ~
0.10 A
0.05 ~

0.00 ~

= Baseline NN
= Hamiltenian NN

Time step

62

Noisy observations

Training settings

* 1 trajectory of 555
observations

e Adam with 102 learn rate

* 3layers of 200 units

* 2000 gradient steps

* tanh activations

1.5 1 P,
FTEEITX
ZZirxea
1.0 4 A A S RN
;;;; ";z'{v ‘:{ff%\i“‘ a
o {‘\u\*\\
os e R
! )
P oo ;:ﬂ% B Train ﬁ':ﬁ*:*::
' ﬂm‘”‘m e Test ';";i
—0.5 "*"@N"w !i‘?l‘l‘;ﬂ’
TN,
S B F
-1.0 *&:\\ &‘%‘%‘ g‘;f: 22
x :t;:i——zﬂ
_1'5 1 T I‘- T
=1 0 1
q

Total HNN-conserved quantity

Total energy

—10.5 A

—10.6

—10.7 A

—10.8 A

—10.9 A

m— Ground truth
= Baseline NN

= Hamiltonian NN

0.8 1

0.6 1

0.4 1

0.2 1

0.0 -

= Ground truth
= Baseline NN
= Hamiltonian NN

5 10 15

Time step

10
Time step

15

Energy is conserved!




Lagrangian Mechanics

« The Lagrangian:

Potential energy
L=T-V
Kinetic energy

e FEuler-Lagrange Equation:

daL_aL doT oV
dtaq_aq dtdq  dq

Joseph-Louis Lagrange



Lagrangian Neural Network Follows the Same |dea

/ Double Pendulum \

6aseline NN

~

-

Loss of
Energy

N

%[ml + mo)l26? + %mgfgég
—{—Tﬁ.gh-’fgé1é2 (:0!-5(91 — ﬂg}
+(my + ma)gly cos b,

+magls cos By ot
o i / \_ q
/ Observe State \ @grangian L d:;; 2

Take Gradients: &
dg* )

over Time

q q (}:(é}zﬁ)_" (5£ ‘8213) \ - /

9q2 9q ""aqaf;/
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The Derivation of Motions from Lagrangian

jt g E = gﬁ the Euler-Lagrange equation (5)
9; q;
%Vé’ L=V,L switch to vector notation (6)
d
(V4 VqTﬁ)q. T (quqT‘C)d = VoL expand time derivative pr (7)

§=(V, V;'E)—l (VoL — (qugﬁ)q] matrix inverse to solve for § (8)
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Results

Baseline NN Lagrangian NN

— —
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Function Learning

« Function learning: given an input point y, learn to predict f(y)
« For example, the function f(:) describes the fluid motion

y — Model — f(y)

The model only learns to
simulate one function

68



The |dea of Functional

« Let G denote an operator taking an input function u, then G(u) is the
corresponding output function and G(u)(y) evaluates the function at
point y

« For example, the function G(fluid), G(sponge), G(fruit) describes the
fluid, sponge and fruit motion

69



Extend Function Learning to Operator Learning

« QOperator learning: given an input function u and an input pointy,
learn to predict G(u)(y)

« The input function u is obtained from a sparse set of observations X.

« For example, X may be the video of the fluid motion andy
corresponds to an internal point of the fluid.

Why Operator Learning is powerful?

« Share structures among different
dynamics

« Decouple conditional inputs from
outputs

» Predict high-res outputs while

y — Model — G(u)(y) condition?ng on Iovv-pres inputs

» Conditions inputs from different
modalities (e.g. lidar, radar, video ...)

A 4
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DeepONet: Learning nonlinear operators for identifying differential
equations based on the universal approximation theorem of
operators

Lu Lu!, Pengzhan Jin?, and George Em Karniadakis'

IDivision of Applied Mathematics, Brown University, Providence, R1 02912, USA
2LSEC, ICMSEC, Academy of Mathematics and Systems Science, Chinese Academy of Sciences,
Beijing 100190, China

A Inputs & Output B ~ Training data .
Input function w Output function G(u)
u(zy) at fixed sensors z1,...,z,, at random location y
¥ e T ’,.I'"'-ti
u: function — u(w2) $Iy | » ¢ \ ,
1 "o e’
u(To,) \ G
Network = G(u)(y) € R o — P
yERd/ . Tm i P

$1$2
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A Tensor-Product Factorization

 |dea: predict G(u)(y) with the k=1 i=1 e

factorization of h(X)®h (y) since oranch
tensor product VQW forms the

trunk

P n ™m
Gw)(y) - 3.3 o (Z ehulzy) + 95) o(we -y + )

most general vector space that oy A ~®)
receives a bilinear map from V x ) u(s) |~]BranGR e
u(zm) N Branch netp |—(5,)

/@‘ G(u)(y)

Y —| Trunk net <

& ©®
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Results

Train C—3
Test C—3

FNN ResNet Seq2Seq Seq25eq 10x  Stacked Stacked Unstacked Unstacked
(best) (best) (best) (best) (no bias) (bias) (no bias) (bias)

Learning nonlinear operators via DeepONet based on the universal
approximation theorem of operators. Lu et al. 73




Inputs & Output

u: function —|

u(zm)

\‘ Network

yeﬁ‘i”’/ﬁ

B data

Output function G(u)
at ranc!um location y

Training
Input function u
at fixed sensors z1,...,z,

‘{ H'\ xm ,I,'r ‘1-‘
‘EZ 5 J’ - \ L,
LY % i
:E]- '\‘J \4-.-'..
..-"'. ~I-\-u. L4
-8 - -
e - " m ~e-__-"
5[31:1:2

 Pros: query the output at any point

« (Cons: the model doesn't generalize to different resolutions of
observations of input functions

Can we build a neural operator that is Discretization Invariant?
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Content

 Pure Data-driven Approaches

 Hybrid Approaches
»Physics-Informed Diffusion Model
»Physics-Informed Neural Network
»Neural ODE
»Lagrangian Network / Hamiltonian Network
»Neural Operator
»Fourier Neural Operator
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Conceptual Comparison

DeepONet Neural Operator:
Convert an input function a to
observations of an output function g(a )
input function
a(x;)
a— a — Model — G(a)
input a(Xy)
function

y —> Model —— G(a)(y)

query point evaluations of
output function

76



Neural Operator in Reality

Neural Operator:

Convert an input function a to
an output function G(a )

Sampled points at different levels of discretization

Xl coe XL

a(x;))—> Model G(a)(xy)
G(x1) G(x) Can we train on one level of
different levels of discretization different levels of discretization?

Neural Operator: Learning Maps Between Function Spaces
With Applications to PDEs. Nikola et al. 77



Map One Function to Another while
Maintaining Discretization Invariant

@—)@—) Layer1 »  Layer2 —> 0 0 0 > Layer L —)@

-

- -~ -
——————
- -~ -
- -
______
_____
- -
- -
- -~
- -~ -
______
- -
______
- -
-

-

L —

Train Test

a(x;)— Model — u(x,) a(x )y — Model — u(xy)
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Methods Function on Grid is not Discretization Invariant

Input image Convolutions Pooling Fully Connected

Image source: https://stanford.edu/~shervine/teaching/cs-
230/cheatsheet-convolutional-neural-networks/ 79



Key Idea: Learn a Point-wise Kernel

f e (% YIV()dy

/

Ky (%, y) denotes a kernel function that takes as
input a pair of points (x,y) and outputs a scalar

How to ensure discretization invariance? Ko (X, y)v(y) aggregates features from
If kg IS @ continuous kernel, optimizing it every point y for the query point x
with subsampled x; fits k4 on the entire

‘continuous” domain of x

Neural Operator: Learning Maps Between Function Spaces
With Applications to PDEs. Nikola et al. 80



The Diagram of Neural Operator

-

- S - -
_____
- -~ -
_____
—————
- -
"""""
~~~~~
————
_____
- ~ i
-
_____
-
-
s o

= —
- -
=

[ ke y)v()du) + b
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Choice 1: A Shallow Neural Layer

Neural Operator Layer

TN N

e Letn be the input channel dimension, m be the
output channel dimensions, and d be the
coordinate dimension of point x,y

» Define k¢ (x,y) as a kernel matrix K € Rmdxnd

Kq)(Xi;Xj) = Kl] (S Rmxn

X —> .
Model —> An m X n matrix

y—>

82



Choice 2: Tensor Product Factorization

Neural Operator Layer

A > i1 (W9, vyl (2) + bx) \

e Let®:RY - R™ and ¢y@): R4 - R"
» Define x4 (x,y) as a summation of tensor products

ke (X,y) = z 0D ()QUD(y)

)
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Choice 3: Spectral Factorization

Neural Operator Layer

FHR-FO)x) +bx) \

» Define k4 (x,y) in the Fourier domain Ry
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Choice 3: Spectral Factorization

« Let'sfirst assume k¢ (x,y) is translation invariant:
Ko (X, y) = Kp(x —y)
« Therefore, the kernel operation is equivalent to convolutional operation

u(x) = f Ko (X, y)v(y)dy = J Ke(x — y)v(y)dy = (k * v) (%)

« By convolution theorem, the Fourier transform of a convolution of two
functions is the product of their Fourier transforms
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2D convolution theorem example

Filter Filtered image

S

FT(Filter) FT(Filtered image)

4
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Fourier analysis

« Any “reasonable” univariate Example: series for a square wave
function can be expressed as a = 1
weighted sum of sinusoids of Z PR
different frequencies (1807) P ...
Jean-Baptiste Joseph Fourier (1768-1830) LR R o

Freduenby ke

Slide credit S. Lazebnik 87



1D Fourier transform

* Let's define basis functions parameterized by u € (—o0, %):
Py (t) = et
* Inner product for complex funciinns IS given by:
(f.9)=| g ©a

* Orthonormality:
1 if H1 =u2

(wuliwuz) ) [U otherwise
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1D Fourier transform

« Given a signal f(t), we want to represent it as a weighted

combination of the basis functions 1y, (t) = e"?™*! with
weights F(u):

f(t) = J- F(u)e?™tdy
« Each weight F(u) is given by the inner product of f and y,,:
Fa) = (f) = | f@e2medr

89



1D Fourier transform

T
« Forward transform: f(t) — F(u)

Fu) = j f(t)e 2mutdt
:F—l
« Inverse transform: F(u)— f(t)

f(t) = ij(u)eiZ”“‘du

F F
e Duality: if f(t) » F(u), then F(t) = f(—u)
« Thus, we can talk about Fourier transform pairs [ (t) < F(u)

Slide credit S. Lazebnik 90



2D convolution theorem example

Filter Filtered image

S

FT(Filter) FT(Filtered image)

4
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Choice 3: Spectral Factorization

Neural Operator Layer

0@

» Define k4 (x,y) in the Fourier domain Ry
« Therefore

u(x) = (k*v)(®) = F(Ry - FW)) ®

FHR-FO)x) +bx)

Why spectral factorization? We can make the computation
very efficient by truncating to few lowest-frequency modes

92



1D Fourier transform

T
« Forward transform: f(t) — F(u)

0o _kmax S u S kmax
F(u) = J f(t)e"i‘?"(‘gdt

:F—l
« Inverse transform: F(u)— f(t)

% kmaX
f(t) = J%F(u)e"zm“du

_kmax

F F
e Duality: if f(t) » F(u), then F(t) = f(—u)
« Thus, we can talk about Fourier transform pairs f(t) < F(u)

Slide credit S. Lazebnik 93



True vorticity
1m

https://zongyi-li.github.io/neural-operator/

Results

True velocity x

Predicted velocity x

0.2 0.4 0.6 0.8

94

True velocity y

0 0.2

08 1

0 02



SFNO predictions on spherical shallow water equations
Train

Input x (32, 64) Ground-truth y SFNO prediction

T@St Input x (64, 128) Ground-truth y SFNO prediction

https://neuraloperator.github.io/dev/auto_examples/models/pl
ot_SFNO_swe.html|




Train Test

FNO predictions on 16x16 Darcy-Flow data Zero-shot super-resolution: 16x16 — 32x32
Input x Ground-truth output Model prediction Input at 32x32 Ground-truth at 32x32 FNO prediction at 32x32
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Quick Summary

« To model the physical world, we've cover
» 3D/4D modeling
» Generative modeling
» Rigid-body motion
» Particle dynamics and mass-spring systems
» Lagrangian dynamics and Incremental Potential Contact
» Continuum dynamics and Material Point Method
» Learning-based dynamics
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What We Will Cover the Next Week

« Embodied perception
» Perceptive Action Decision
» Multi-sensory Perception
» Visual language model for embodied perception

98
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